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ABSTRACT
 There is extensive experimental evidence of the decrease in the shear stress at 
failure at increasing effective depths in concrete beams reinforced with glass fiber-
reinforced polymer (GFRP) bars without shear reinforcement. An important practical 
implication is that extrapolating strength values from typical laboratory-scaled 
experiments to design larger members may be misleading. The complexity of the 
underlying mechanics is reflected in the difficulty of using commercially available 
numerical tools to accurately estimate shear strength irrespective of beam size. This 
dissertation presents research on a Lattice Discrete Particle Model (LDPM) based model 
to simulate the response of scaled slender GFRP reinforced concrete (RC) beams without 
stirrups. The numerical model includes: (1) a calibrated and validated concrete LDPM; 
(2) orthotropic GFRP bar elements; and (3) a nonlinear bond-slip law for the GFRP bar-
concrete interface.  
 In the first study, LDPM-based numerical models are deployed to simulate the 
load-midspan displacement response, crack pattern, shear strength and associated size 
effect for GFRP RC beams without stirrups. Benchmark results were obtained from the 
literature based on physical tests on beams having effective depth in the range 146-883 
mm, and similar maximum aggregate size. The numerical simulations yielded accurate 
predictions of load-deflection response, strength, and failure mode, irrespective of the 
size. 
 
 
 vi 
 The second study presents a calibration and validation procedure for the 
concrete LDPM based on typical information available from reports on physical 
experiments (i.e., cylinder compressive strength, and maximum aggregate size). Next, the 
concrete LDPM implemented in the beam model is validated by accurately simulating the 
shear behavior of GRFP RC beams without stirrups having maximum aggregate size 
different from the first study, and effective depth in the range 146-292 mm where the size 
effect becomes evident.  
 In the third study, the influence of concrete fracture energy and maximum 
aggregate size are investigated numerically in two cases in which both the strength and 
failure mode of GFRP RC beams without stirrups are particularly difficult to predict. In 
fact. Based on the simulation results, it is recommended that fracture tests along with the 
compressive strength tests be performed on concrete specimens.  
 The results of this research are significant since, for the first time, they 
demonstrate the successful use of numerical simulations to accurately describe the size-
dependent shear behavior of GFRP RC beams without stirrups. 
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CHAPTER 1  
INTRODUCTION
 
 Shear failure is considered one of the most critical failure modes for 
reinforced concrete (RC) structures, such as in the significant case of members without 
shear reinforcement. Different from other failure modes such as flexural failure, diagonal 
(shear) cracks form and propagate abruptly, indicating the onset of shear failure. The 
shear failure of RC members is usually catastrophic and needs to be accurately predicted 
and prevented.  
 In the RC members without shear reinforcement, shear forces are transferred 
through the uncracked concrete above the neutral axis, aggregate interlock and tensile 
cohesive stresses along diagonal cracks, and dowel action provided by the flexural 
reinforcement [1]. Shear design principles for RC structures have long been established. 
However, catastrophic shear failures have occurred. In 1955, the roof of a U.S. Air Force 
warehouse collapsed under its self-weight, as shown in Figure 1.1. The collapse was due 
to the shear failure of the part of RC girders without shear reinforcement. Investigations 
revealed that the design, material and fabrication was up to date to the design standards of 
that time [2]. For that reason, the design codes were updated to include minimum shear 
reinforcement throughout the entire beam. However, shear failures for structures without 
stirrups or with minimum shear reinforcements were not completely prevented. In 2006, a 
portion of the de la Concorde Overpass in Laval, Québec, Canada collapsed as shown in 
 2 
Figure 1.2(a), resulting in five casualties. The collapse was due to the shear failure of the 
main bridge girders [3]. These examples demonstrate that the shear design algorithms 
may not always be effective in predicting the shear behavior of RC beams without 
stirrups. 
 Innovative materials have been introduced in the construction industry to 
enhance the performance of RC structures. For example, glass fiber reinforced polymer 
(GFRP) bars are being used as internal reinforcement in RC structures such as slab 
bridges, retaining walls, and sea walls [4] to eliminate the issue of corrosion. However, 
experimental evidence from load tests on scaled slender concrete (RC) beams internally 
reinforced with GFRP bars, and without stirrups, shows a significant decrease in the 
sectional shear stress at failure at increasing effective depths [5–7]. Existing nominal 
shear strength algorithms for GFRP RC structures are typically based on laboratory 
scaled specimens and extrapolation may be needed to obtain the nominal shear strength 
of large sized structures [6,8–11]. However, there are fundamental differences in 
describing the salient shear resisting mechanisms associated with the physical 
explanation of size effect among these approaches, as reviewed in chapter 2. In addition, 
there have been cases where such algorithms cannot consistently predict the shear 
strength and failure modes of GFRP-RC beams without stirrups, which demonstrates the 
difficulty of accurately accounting for the contribution of different shear transfer 
mechanisms, which largely depend on concrete fracture and friction behavior. 
  With the advancement of technology, advanced numerical simulations are 
becoming more popular in practice, in addition to research and development. Numerical 
tools can aid with clarifying the underlying physics of shear resisting mechanisms. To 
 3 
this end, it is desirable that candidate models account for concrete heterogeneity (i.e., role 
of aggregates and surrounding mortar), and incorporate constitutive laws that are relevant 
to simulate the size effect and salient shear resisting mechanisms. Among the candidate 
numerical models for concrete, which are reviewed in chapter 2, the Lattice Discrete 
Particle Model (LDPM) [12,13] was selected in this research to perform numerical 
simulations of four-point bending load tests on the GFRP-RC beams without stirrups, 
which were load tested as reported in the literature [6,14]. The LDPM is a discrete meso-
scale concrete model that has the following attributes that are important to realistically 
simulate different shear resisting mechanisms, and the associated size effect: (1) it 
accounts for concrete heterogeneity by randomly placing aggregate particles with their 
actual size distribution within the specimen volume; and (2) it simulates shear-frictional 
cracking and aggregate interlocking in concrete by using discrete formulation and long-
distance interactions between aggregate particles through lattice struts, along with 
incorporating vectorial constitutive laws for tension-softening and shear-friction 
behavior. 
1.1 OBJECTIVE 
 The objectives of this research are: (1) to formulate and demonstrate a rational 
calibration procedure for the LDPM for concrete using data available from cylinder 
compression tests and literature; (2) to build a reinforced concrete (RC) beam model 
incorporating LDPM for concrete, glass fiber-reinforced polymer (GFRP) reinforcing 
bars and interface bond-slip relation between GFRP bars and concrete; and (3) to verify 
the model for the significant case of scaled slender GFRP-RC beams without stirrups 
based on evidence from physical tests. The significance and originality of this work 
 4 
reside: first, in providing a rational procedure for the calibration and validation of the 
LDPM for concrete (which includes 21 meso-scale parameters) based on the minimal 
information typically available from concrete mixture design and characterization tests 
(i.e., cylinder compressive strength, fc, and maximum aggregate size, da); second, in the 
implementation of an orthotropic GFRP bar model in the LDPM-based model as well as 
an experimentally validated nonlinear bond-slip law; third, in capturing the size effect in 
the shear strength of slender GFRP-RC beams without stirrups, and using the 
computational results to investigate the contribution of salient shear transfer mechanisms 
to the shear capacity; and fourth, in numerically investigating the effect of the concrete 
fracture energy and maximum aggregate size on the response of such beams, and offering 
conclusions and recommendations towards the development of accurate nominal shear 
strength algorithms. 
1.2 SCOPE  
 The scope of the research is to address the objectives and novelties 
highlighted in the previous section and covered in chapters 2 through 4. In addition,  
four peer-reviewed papers published in the proceedings of international conferences are 
included as Appendices, providing pertinent information that complement the main body 
of this dissertation.  
 Chapter 2 discusses the validation of the calibrated LDPM-based model to 
numerically simulate the size effect in the range of 50-65% from four-point bending load 
tests on GFRP-RC beams without stirrups, having an effective range increasing from 146 
mm to 883 mm, and made of a concrete with similar compressive strength and maximum 
aggregate size. The fracture parameters of the concrete model were defined through 
 5 
numerical simulations of three-point bending fracture tests based on RILEM standard 
specifications [15], compared to the literature-based estimate [16] driven from the 
reported maximum aggregate size, compressive strength, and water-cement ratio [6]. The 
computational simulations yielded accurate predictions of load-midspan deflection 
response, strength, crack patterns, and failure mode. The results provided insight into the 
contribution of the salient shear resisting mechanisms to shear capacity and size effect. 
The numerical simulation approach also highlighted the need for a rationale calibration 
procedure for the concrete LDPM when limited material characterization data are 
available (e.g., cylinder compressive strength), and the effect of the variations of concrete 
fracture energy as well as the aggregate size on the response of such beams need to be 
further investigated.  
 Chapter 3 presents a calibration and validation procedure for the LDPM 
geometric and material concrete parameters. The geometric parameters are defined based 
on the actual mixture design of the concrete that was used to build the actual beam 
specimens. The material parameters are calibrated and verified vis-à-vis available 
information from the literature and uniaxial compressive stress-strain curves that were 
obtained experimentally per ASTM C469. In addition, a procedure is demonstrated to 
select the LPDM meso-scale parameters from typically available information on 
concrete, that is, based on cylinder compressive strength (e.g., per ASTM C39). Next, a 
GFRP-RC beam model is assembled to numerically simulate shear behavior (including 
size effect) of GFRP RC beams without stirrups, and with effective depths in the range 
146-292 mm, for which experimental evidence is available [14]. The simulation results 
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accurately estimate the load-deflection response, strength, and failure mode of the beams 
irrespective of size. 
 Chapter 4 presents a numerical study on the effect of concrete fracture energy 
and maximum aggregate size on the response of GFRP-RC beams without stirrups under 
four-point bending loading. Two significant cases are examined: (1) a specimen (GS3) 
having effective depth, d, equal to 146 mm, and nominal maximum aggregate size, da, 
equal to 6.3 mm, and two companion specimens (GS1 and GS2) with similar geometry 
but nominal maximum aggregate size equal to 12.6 mm [14]; and (b) scaled GFRP RC 
beams without stirrups denoted as S series (as described in chapter 2), having effective 
depth in the range of 146-883 mm, and a constant maximum aggregate size equal to 19.1 
mm [6]. The results highlight the importance of performing fracture tests, together with 
standard compression tests, to more accurately model the fracture behavior of concrete, 
and obtain better estimations of shear strength and failure modes. 
 Appendix A presents preliminary results on the calibration and validation of 
the LDPM parameters. Here, perfect bond between the GFRP bars and concrete is 
considered. The results suggest that this simplifying assumption fictitiously increases the 
shear strength of the beams and a nonlinear bond-slip law (as described in chapter 2) 
needs to be implemented, as done in the simulations presented in chapters 2 through 4. 
 Appendix B provides information on the GFRP bar-concrete interface results 
from literature. These results served to define the parameters for the nonlinear bond-slip 
law used in the simulations presented in chapters 2 through 4. 
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 Appendix C describes the input files for the geometric description of the 
concrete beams as well as the assembly and numerical simulation of four-point bending 
tests. In addition, the MATLAB code for the analysis of tensile and shear stresses in the 
GFRP bars is provided. 
 Appendix D presents the information for the fracture tests on concrete from 
the literature. The analysis of such data (e.g., Figure 3.6) provides information to 
determine the concrete fracture energy based on compressive strength, tensile strength, 
and maximum aggregate size.  
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Figures: 
 
 
 
Figure 1.1 Shear failure of 900 mm-deep beams in Air Force Warehouse, 
Shelby, OH [2] 
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(a) 
 
 
(b) 
Figure 1.2 (a) Collapse of the de la Concorde Overpass, in 
Laval, Québec, Canada; and (b) shear crack in the west 
abutment prior to failure. 
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CHAPTER 2 
COMPUTATIONAL SIMULATION OF SIZE-DEPENDENT SHEAR 
BEHAVIOR OF GLASS FRP REINFORCED CONCRETE BEAMS 
WITHOUT STIRRUPS 
 
ABSTRACT 
 This chapter presents the validation of a calibrated concrete lattice discrete 
particle model (LDPM) for the case of scaled slender glass-FRP (GFRP) reinforced 
concrete beams without stirrups. The evidence from the load tests that were performed on 
such beams highlighted a decrease in the sectional shear stress at failure in the range of 
50-65% as the effective depth increased from 146 to 883 mm. The LDPM incorporates 
concrete heterogeneity and fracture under tension as well as shear-compression which are 
crucial for realistic simulation of shear force transfer mechanisms. The computational 
simulations yielded accurate predictions of load-midspan deflection response, strength, 
crack patterns, and failure mode. These results also provided insight into the contribution 
and interplay of the salient shear resisting mechanisms to both shear capacity and size 
effect.  
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2.1 INTRODUCTION 
 Shear failure in a slender reinforced concrete (RC) beam without stirrups 
typically occurs with the formation and propagation of an inclined crack via the 
combination of the flexural moment and shear force in the shear span. Shear forces in 
such beams are typically resisted by uncracked concrete in compression zone; through 
aggregate interlocking and tensile cohesive stresses along diagonal cracks; and dowel 
action in the longitudinal reinforcements [1]. Evidence from experimental load test on 
scaled slender RC beams without stirrups indicates a decrease in the nominal shear 
strength as the beam depth increases [2-5]. This phenomenon, known as size effect, is 
aggravated in beams that are internally reinforced with a similar amount of glass fiber 
reinforced polymer (GFRP) bars [6-9]. This occurs because the axial stiffness of GFRP 
bars is significantly (about 80%) lower than that of conventional steel bars. 
Consequently, in practice, extrapolating the shear strength of large structures such as slab 
bridges, retaining walls, and seawalls based on the results of the laboratory tested 
specimens may be misleading [9,10]. 
 From a practical point of view, the shear resisting mechanisms and their 
contribution to shear capacity should be recognized in physically sound nominal shear 
strength algorithms. The ACI 440.1R-15 design guidelines [11], also reflected in the 
AASHTO LRFD specifications for GFRP-RC Bridge Decks and Traffic Railings [12], 
considers the uncracked concrete in compression as the primary shear resisting region, 
and provides conservative nominal shear strength estimates that, also, offset the reduction 
due to the size effect [13]. 
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 The fracture mechanics-based shear strength algorithm proposed by ACI 
committee 446 [14], which is also applicable to GFRP-RC beams once the smaller axial 
stiffness of the reinforcement is accounted for [9], acknowledges the role of transferred 
shear force along the critical shear crack (i.e., aggregate interlock) along with the major 
role of the uncracked concrete in shear-compression to the shear capacity. This approach 
explains the size effect based on the ratio of fracture process zone (FPZ) to the depth of 
uncracked concrete ligament above the critical shear crack, where shear-compression and 
cohesive stresses are transferred. Because of the constant size of the FPZ, increasing the 
effective depth decreases such ratio, resulting in a more localized compressive stress 
profile due to compression softening, and thus a smaller sectional shear strength [15]. 
 The modified compression field theory (MCFT) [16], which is implemented in 
the Canadian code [17] and the AASHTO LRFD bridge design specifications [18], 
provides the fundamental basis for a nominal shear strength algorithm that enables one to 
estimate the shear strength of steel and GFRP-RC structures. Here, size effect is 
attributed to the decrease in the contribution of aggregate interlock as the primary means 
of shear transfer, as the beam effective depth increases (e.g., [7]). 
 The critical shear crack theory (CSCT) [19], which is implemented in the 
Swiss code [20], associates the shear strength of RC members without stirrups primarily 
to the width and roughness of the critical shear crack. This approach also acknowledges 
the secondary contribution of inclined compression strut in slender members. Similar to 
the MCFT, the CSCT associates the size effect primarily to the decrease in the shear 
forces transferred through aggregate interlocking due to the formation of wider cracks in 
larger members [21]. 
 15 
The different physical explanations of size effect in the aforementioned shear 
strength algorithms highlight a knowledge gap in accurately accounting for the 
contribution of different shear transfer mechanisms and their interplay, which are mainly 
governed by concrete fracture and frictional behavior. 
 Different numerical models of RC concrete beams simulated the size effect by 
incorporating the strain softening behavior of concrete in tension and shear-compression, 
and the frictional behavior, into their constitutive laws [22-25]. The crack band model 
[26] has been implemented in concrete models to address the fracture behavior of 
concrete. An et al. [22] described the loss of shear stress transfer along the shear cracks 
by decreasing the concrete shear stiffness as a function of the strain normal to the crack 
opening. Červenka and Papanikolaou [23] considered a plasticity model with softening 
for concrete under shear-compression stresses. They also related the shear stiffness of the 
cracked concrete to the normal crack opening law. Syroka-Korol et al. [24] assigned non-
local softening behavior in tension and compression in the concrete constitutive laws and 
performed size effect simulations discounting the shear force transfer through aggregate 
interlock mechanism. Bažant and Caner [25] proposed the microplane model for concrete 
for which the nonlinear frictional boundary is related to the volumetric strain of the 
cracked element. The boundary ranges from zero for large volumetric strains to a 
horizontal asymptote for the case in which compressive stresses occur in the element due 
to the closing of cracked faces in shear. Among these models, the microplane model is 
the closest model to meet the challenge of numerically simulating size effect in shear, 
mainly because: (1) its constitutive laws are described in terms of vectors rather than 
tensors, which is simpler and easier to formulate; (2) the deformations are projected and 
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localized on planes with different orientations (microplanes) within each element, which 
is representative of cracking and damage within concrete; and (3) it benefits from strain 
dependent yield boundaries (rather than scalar hardening-softening parameters) that 
facilitates realistic simulation of concrete under large deformations. 
 Ideally, a candidate numerical model of concrete to simulate the shear transfer 
mechanisms, and provide accurate predictions of shear strength, must account for the 
concrete heterogeneity along with the fracture and frictional response. To this end, the 
Lattice Discrete Particle Model (LDPM) [27,28], which shares its fundamental concepts 
with the microplane model (i.e., presenting potential material failure planes and vectorial 
constitutive laws), is considered in this dissertation. The LDPM is a meso-scale concrete 
model (i.e., includes aggregates and mortar) that has the following characteristics that are 
important to realistically simulate different shear resisting mechanisms, and the 
associated size effect: 1) it accounts for concrete heterogeneity by randomly placing 
aggregate particles with their actual size distribution from the mix design; 2) it enables 
the simulation of mixed mode fracture and the associated cracking to capture aggregate 
interlocking due to the discrete formulation, mechanical interaction between the 
aggregates, and the implementation of fracture and shear-frictional constitutive laws; and 
3) it enables the simulation of strut-and-tie behavior of concrete leading to tensile fracture 
under unconfined compressive stresses. 
 This chapter presents the validation of a calibrated LDPM for concrete for the 
case of slender GFRP-RC beams without stirrups with effective depth up to 883 mm. 
Along with the calibrated LDPM for concrete, the LDPM-based model accounts for the 
orthotropic material properties of GFRP bar elements with a suitable shear-tension failure 
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criterion, and a nonlinear bond-slip for the GFRP bar-concrete interface. Preliminary 
research presented evidence on the accurate simulation of shear behavior of GFRP-RC 
beams without stirrups with effective depth in the range 146-292 mm [29]. Here, 
physically representative computational simulations of shear behavior of slender GFRP-
RC beams without stirrups having effective depth in the range 146-883 mm, and 
exhibiting size effect in the range of 50-65%, are presented and discussed. The analysis 
of the simulation results offers an insight toward understanding the role of different shear 
transfer mechanisms and their interplay. 
2.2 LOAD TESTS 
 The cross sections and four-point-bending load test setup for the scaled GFRP 
RC beam specimens are illustrated in Figure 2.1. The specimens include small size 
companion specimens S6-0.12-2A and S6-0.12-3A, having an effective depth d = 146 
mm, medium size companion specimens S3-0.12-1A and S3-0.12-2, having d = 292 mm, 
and large size companion specimens S1-0.12-1A and S1-0.12-2B, having d = 883 mm 
[9]. These specimens valid candidates to study the size effect, since specimens S3 and S6 
were designed to scale their effective depth by one-third and one-sixth, respectively, with 
respect to the S1 counterparts, while maintaining constant shear span-to-effective depth 
ratio, s/d, of 3.1, effective reinforcement ratio, ρeff, of 0.12%, and maximum aggregate 
size, da, of 19.1 mm. Table 2.1 summarizes salient information including: effective depth, 
d; shear span-to-depth ratio s/d; concrete cylinder compressive strength, fc; average 
longitudinal elastic modulus, EGFRP, and average tensile strength, ffu, of the GFRP bars as 
determined via uniaxial tension tests; experimental shear force at failure, Ve; normalized 
shear force at failure, Ve/(bwdfc
0.5); theoretical shear force associated with flexural failure, 
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Vb; and nominal shear capacity, Vn, based on the ACI 440 [11], modified ACI 446 [9,14], 
refined (second-order) MCFT [30], and CSCT [19] algorithms. 
 From Table 2.1, it is noted that the predictions of shear strength based on 
existing algorithms, often tend to be more conservative for the smaller beams, and tend to 
be closer to the test results as the beam effective depth increases [9]. This evidence 
highlights the difficulty of reflecting salient shear resisting mechanisms and their 
interplay, and thus accurately predicting shear strength irrespective of size. 
2.3 COMPUTATIONAL FRAMEWORK 
 This section presents the components of the computational framework that is 
used to simulate the load tests on the scaled GFRP-RC beams without stirrups. The 
components include the LDPM concrete model, the GFRP bar model, and the GFRP bar-
concrete interface model. 
2.3.1 Concrete 
2.3.1.1 Lattice Discrete Particle Model 
 The LDPM is a meso-scale discrete model that assembles concrete as a two-
phase material (aggregates and mortar) through a system of interacting particles 
randomly distributed within the volume [27,28]. The size distribution of the particles 
reflects that of the actual mixture design of concrete including the maximum aggregate 
size, da. The LDPM simulates the interaction of adjacent particles by vectorial 
constitutive laws at the potential material planes (i.e., facets). Figure 2.2a represents the 
distribution of the aggregate particles in the shear span from actual beam models along 
with the close-up of the particles and facets. The LDPM constitutive laws for concrete 
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fracture are based on the crack band model [26] which allows transfer of tensile cohesive 
stresses along the inclined cracks where tensile and shear stresses are generated. In fact, 
normal tensile stress-strain, σN - εN, and shear stress-strain, σT – εT, responses of the facets 
are plotted in Figure 2.2b. Here, different σN - εN and σT – εT curves are characterized for 
each fact based on the value of the coupling variable, ω, which represents the degree of 
interaction between normal and shear loading, transitioning from pure tension (ω = π/2) 
to pure shear (ω = 0). Through definition of the LDPM constitutive laws, a smooth 
transition is provided from softening behavior in pure tension to perfectly plastic 
behavior in pure shear as presented in the case of ω = π/8 in Figure 2.2b where both 
tensile and shear stresses are present in the facets. Thus, the generated shear stresses in 
the diagonal cracks, increase the width of the band where tensile cohesive stresses are 
transferred along the crack. 
 Based on the frictional constitutive laws of the LDPM, the shear strength of 
the facets is increased in the presence of the compressive stresses. Together with the 
aforementioned LDPM constitutive laws, the geometric definition of the facets sets the 
propagation path of the discrete cracks to be around the interacting aggregates, and thus 
enables the LDPM to simulate aggregate interlocking mechanism along the cracks 
through which frictional forces are transferred. This feature of the LDPM is represented 
in Figure 2.2a, where the respective sliding of the cracked faces in the mixed mode 
fracture (mode I and mode II) subsequently closes the crack opening between the angled 
facets and thus, the shear force component, Vag, is locally transferred along the crack, 
through the aggregate interlocking mechanism. 
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2.3.1.2 Meso-scale parameters 
 The LDPM parameters for the concrete used in all beams (i.e., S6, S3, and S1) 
are selected based on the following criteria: 
• Geometric parameters, which determine the geometry of concrete meso-
structure, are reflective of the actual mixture design of the concrete from each 
load tested beam [9]. 
• Material parameters, which describe the LDPM constitutive laws for concrete 
elastic and inelastic behavior, are obtained so that the concrete models yield to 
similar concrete cylinder compressive strength obtained from the experiments, 
and their fracture energy, GF, is well within the range 80-100 N/m which is 
reasonable for normal strength concrete as highlighted in the literature (e.g., 
[32-34]). 
Based on the available information for the concrete on the load tested beams, 
the geometric and material parameters for concrete models A (for S6 and S3 beams) and 
B (for S1 beam) are presented in Tables 2.2 and 2.3, respectively. The information on the 
concrete included concrete cylinder compressive strength, fc, and maximum aggregate 
size, da. The procedure for calibrating the concrete model is as follows. 
First, the geometric parameters are determined based on the typical mixture 
design. Here, minimum aggregate size, d0, controls the resolution of the model and is 
usually designated so that at least 20% of the aggregate volume is modeled [28]. 
 Second, the meso-scale concrete parameters are initialized based on a similar 
LDPM in the literature [28]. To attain a similar compressive strength, f’c, to that of the 
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experimental results, the parameter σs /σt, which is the ratio of the shear strength to the 
tensile strength in the facets, is adjusted. σs /σt is the predominant factor in defining the 
strength limit of the facets in tension and shear [27], and thus greatly influences the 
macroscopic compressive strength of concrete, f’c, where mixed mode fracture in tension 
and shear is the dominant failure mechanism [35]. 
 Third, the salient fracture related meso-scale parameters, tensile strength, σt, 
and tensile characteristic length, lt, are calibrated so that the concrete model yields a 
suitable GF through simulations of three-point bending (TPB) tests according to RILEM 
[36]. Tension-softening constitutive laws are defined by σt and lt specifying the maximum 
tensile stress and tensile softening modulus of the facets in pure tension. These 
parameters along with the inter-particle distance (related to the maximum aggregate size) 
affect the macroscopic tensile strength and the total fracture energy, GF, of the concrete. 
In particular, by controlling the softening modulus in the facet stress-strain curves, σt and 
lt influence the width of the FPZ. Figure 2.3 illustrates the numerical simulation setup 
along with representative concrete crack pattern and load-displacement curve. Here, 
multiplying the area under the curve by the ligament area provides numerical value of GF 
for the concrete. The TPB fracture tests were not performed in the experimental 
campaign with the beam load tests. However, GF can be estimated based on the typical 
information provided for concrete (i.e., cylinder compressive strength, fc, maximum 
aggregate size, da, and water-cement ratio, w/c) using a formula by Bažant and Becq-
Giraudon [32]: 
     
0.46 0.22 0.3
02.5 0.051 1 11.27F c aG f d w c

          (2.1) 
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where α0 is equal to 1 and 1.44 for rounded and angular aggregates, respectively. Based 
on the available information for the concrete used for the load tested beams [9], the 
estimated GF assuming round and crushed aggregates for the concrete used for the S6 and 
S3 beams is 73 N/m and 106 N/m, respectively. Hence, the fracture parameters of Model 
A are calibrated so that the numerical simulation of TBP tests yields GF = 89 N/m. 
Following the same procedure for the concrete used for the S1 beams having fc = 29.5 
MPa, Model B with GF = 87 N/m is calibrated. It is noted that variations of concrete GF 
affect the FPZ width near the crack tip and the shear-compression band in uncracked 
concrete above the critical shear crack. Thus, it may change the contribution as well as 
the interplay of the shear transfer mechanisms, and thus influence both shear strength and 
size effect [26]. 
 It is noted that changing the fracture related parameters affects the 
compressive strength of concrete since it is preceded by the tensile cracking due to the 
implemented strut-and-tie mechanism in the LDPM formulation. For this reason, the last 
step is adjusting the value of σs /σt to attain the target fc numerically while keeping GF 
constant. Figure 2.4 demonstrates the numerical stress-strain responses of concrete 
LDPM 100 mm × 200 mm cylinders under uniaxial compression. These curves include 
the softening behavior which is important to describe the fracture behavior of uncracked 
concrete under shear-compression forces. The simulations resulted in realistic estimations 
of the target concrete macroscopic properties. Concrete LDPM using Models A and B 
parameters produced f’c = 32.1 MPa and 29.6 MPa, respectively. In addition, the 
corresponding GF of Models A and B were 89 N/m and 87 N/m, respectively. At this 
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point, no further parameter changes were performed, and the concrete LDPM models 
were used in the numerical simulation of the load tests. 
2.3.2 GFRP Reinforcement Model 
 Pultruded E-glass/vinyl ester GFRP bars were used as internal reinforcement 
in the beam specimens [9]. These bars are made of anisotropic composite materials that 
exhibit a linear elastic behavior in tension up to a brittle failure. The bars have higher 
tensile strength compared to the conventional steel bars, but their elastic and shear 
modulus are significantly lower. To simulate such behavior, the finite elements are 
formulated based on the Mindlin-Reissner [37] plate theory, in which a stiffness 
multiplier equal to 0.36 was applied to the isotropic shear modulus to yield the designated 
shear modulus. In four-point bending load tests, the activation of the dowel action 
mechanism in the shear span puts the GFRP bars under combined tensile and shear 
stresses. For this reason, the Tsai-Hill failure criterion [38] is considered to address the 
multiaxial tensile and shear stresses that contribute to failure: 
   
2 2
1
f f
ff uu
    
    
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  
            (2.2) 
2.3.3 GFRP Bar-concrete Interaction Model 
 The previous work on the bar-concrete interface has demonstrated that the 
assumption of perfect bond between the GFRP bar and concrete restricts the crack 
openings in the shear span that leads to overestimation of the shear strength by the 
numerical model. The results of this work are presented in Appendix A. To this end, in 
the computational model, the relative motion between the GFRP bars and the concrete 
LDPM is simulated by means of nonlinear springs connecting the bar node to the centroid 
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of the adjacent LDPM tetrahedron as illustrated in Figure 2.4a. The behavior of these 
nonlinear springs is described by the bond-slip law obtained from pull-out tests and beam 
tests for GFRP bars embedded in concrete. Here, the modified Bertero-Popov-
Eligehausen (BPE) model was implemented to describe the bond-slip law [39] in the 
LDPM-based numerical simulations. The selected bond-slip model consists of an 
ascending branch associated with chemical bond, friction due to surface roughness, and 
mechanical bonding followed by a softening branch due to the loss of the mechanical 
bond, and a residual frictional strength. This model effectively evaluates the bond-slip 
response at the GFRP bar-concrete interface [40]. Figure 2.4b shows the adopted bond-
slip law, together with the envelope of bond-slip diagrams, representative curves, and 
peak bond stress markers from the relevant experimental pull-out and beam tests [41-45]. 
This model was obtained by averaging the experimental data available in the literature 
and including factors such as concrete compressive strength, f’c, and bar diameter, and 
surface treatment of the GFRP bars. 
2.3.4 Numerical Simulation of Load Tests 
 After determining the relevant parameters, the LDPM-based computational 
framework was assembled using the concrete LDPM, the GFRP bar model, and the 
GFRP bar-concrete interface model to simulate the response of the presented load tests 
[9]. In the model, the GFRP RC beam is connected to the linear elastic steel loading plate 
and the supports as represented in Figure 2.6. The computational model was implemented 
in a commercially available code [46], and executed on a high-performance node with 24 
GB RAM and 12 OpenMP threads (2.4 GHz Intel Xeon CPUs). The details about the 
number of LDPM nodes, number of facets, and computational time are reported in Table 
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4. The numerical simulations were executed through explicit dynamic algorithm and 
using displacement control loading procedure, in which the loading plate moved at the 
constant rate of 4 cm/s. Convergence of the simulation was achieved by using a 
maximum time step of 1×10-6 s. The ratio of the kinetic energy to the internal work 
during the simulation was monitored and found to be less than 1%, which confirmed that 
dynamic effects of the loading rate were minimal and quasi-static state of loading was 
attained during the numerical simulations.  
2.4 RESULTS AND DISCUSSION 
2.4.1 Structural Response and Size Effect 
 Salient data obtained through the simulations are summarized in Table 2.4, 
where: VLDPM is the simulated shear strength; VLDPM/(bwdfc
0.5) is the normalized shear 
strength; ΔVLDPM /(bwdfc0.5)  is the change in the normalized shear strength with respect to 
the S6 beam; σf and τf are the axial and shear stress in the GFRP bars at the location of 
the diagonal crack in the shear span at the peak load; and, wcr is the crack width at d/2 
from the top of the beam at the peak load. 
2.4.1.1 S6 specimens (scale 1:6) 
 Figure 2.7 presents the comparison of the load-midspan deflection response, 
experimental crack patterns at failure from the experimental load tests, and the crack 
patterns at the instants shown in the load-midspan deflection response from the numerical 
simulation for the S6 specimens. These instances refer to the formation of diagonal 
cracks at the shear span, and finally the crack patterns at the failure of the specimen. 
Here, the LDPM-based simulations reasonably estimated the load-midspan deflection 
response as well as the crack patterns at the peak load. The shear-compression failure 
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mode was attained at the failure load equal to 86% of the load associated with the flexural 
load through the numerical simulations. In fact, as presented in Table 2.5, the failure 
index of the GFRP bar based on Tsai-Hill criterion is equal to 0.91 indicating its 
impending rupture in tension-shear capacity similar to the response obtained in the 
experiments for S6-0.12-2A specimen [9]. It is noted that, although the S6-0.12-3A 
specimen failed in diagonal tension, its shear capacity is still 17-62% above the predicted 
values from the nominal shear strength algorithms presented in Table 2.1. The relatively 
lower attained shear strength could be attributed to the particular diagonal crack passing 
through relatively smaller aggregates which reduced the contribution of aggregate 
interlocking [47], and resulted in a narrower FPZ width due to the smaller inter-particle 
distance [15]. 
2.4.1.2. S3 specimens (scale 1:3) 
 The numerical simulations provide accurate estimates of the entire shear load-
midspan deflection as well as the crack pattern for the S3 beams, as illustrated in Fig. 8. 
Similar to the experiments [9], diagonal tension failures were attained through the 
numerical simulations with the normalized shear strength decreasing by 0.11 MPa0.5 
(50%) with respect to the S6 beam. According to Table 2.5, the Tsai-Hill failure index of 
0.26 for the GFRP bar at the peak load indicates that the bar is not approaching failure 
and verifies the shear failure of the beam. The instance II in Figure 2.8 underlines the 
maximum shear capacity for the S3 beam, where the critical shear (diagonal) crack 
propagated through the shear span and into the compression strut. Following the 
formation of such crack, an immediate drop occurs in the shear load. However, the beam 
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still maintains a residual strength, which diminishes as the critical shear crack becomes 
wider and the failure occurs subsequently at the instance III. 
2.4.1.3. S1 specimens (scale 1:1) 
 For the S1 beams, fairly accurate estimates of shear load-midspan deflection 
in pre- and post-cracking regions, as well as the evolution of the crack patterns are 
obtained by the numerical simulations, as illustrated in Figure 2.9. Here, a brittle failure 
instantly occurred with the formation and propagation of the critical shear crack towards 
the loading plate. In line with the results from the experiments [9], the size effect in the 
numerically simulated normalized shear strength of the S1 beam was 30% and 65%, with 
respect to the S3 and S6 beams, respectively. The Tsai-Hill failure index for the S1 beam 
is 0.24 indicating the shear failure with minimal damage to the GFRP bars. The 
maximum shear crack width, wcr,max, in the S1 beam at the peak load reached 17.2 mm, 
which is 90% of da, implying minimal transferred cohesive stresses and aggregate 
interlock mechanisms that explains the lack of residual resistance from the beam after 
propagation of the critical shear crack in the compression zone leading to the immediate 
failure. 
 As summarized in Table 2.1 and Table 2.6, and demonstrated in Fig. 2.7-2.9, 
the presented results are valuable since they accurately predict the size effect in the shear 
strength of the GFRP RC beams without stirrups and provide evidence for the capability 
of the computational simulations to: (a) accurately predict the behavior of slender GFRP 
RC beams without stirrups in shear, irrespective of size, and thus providing a proof of 
concept for improving existing nominal strength algorithms; and (b) investigate the 
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contribution of different shear transfer mechanisms and their interplay at different 
loading stages up to failure. 
2.4.2 Shear Force Resisting Mechanisms 
 The components of macroscopic stress tensor are acquired in each LDPM cell 
by summing up the contribution of all the facets through application of principle of 
virtual work (i.e., equating the total internal work of the facets with the external work in 
each LDPM cell) [27].  Figure 2.10 presents the maximum principal stress contours, 
along with the axial stress, σxx, and the shear stress, τxz, profiles in the uncracked concrete 
ligament above the critical shear crack at the peak shear load in the S6, S3, and S1 beams. 
Within the shear spans, areas with compressive (negative) principal stresses highlight the 
regions where the shear forces are resisted. These areas of tensile fracture, occurring 
along the critical shear crack, and shear-compression fracture, occurring above such a 
crack, are of particular interest. Here, the negative maximum principal stress is resultant 
of the exerted compressive axial stresses and shear stresses in the concrete, which are 
generated in the uncracked concrete above the critical shear crack, diagonal crack fronts 
where aggregate interlocking develops, and the GFRP-concrete interface at the location 
of the diagonal cracks where dowel action develops. 
 Table 2.6 summarizes the contribution of the salient shear transfer 
mechanisms to the shear capacity at the peak load. Here, as presented in Figure 2.10, an 
average shear stress, τxz, profile is assessed for the concrete ligament above the critical 
shear crack in each beam. The transferred shear force through the ligament equals to the 
area under such a curve multiplied by the width of the beam. The contribution of the 
dowel action to the shear capacity is calculated by multiplying the shear stress in the 
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GFRP bar to its cross section at the intersection of the critical crack. Lastly, the 
transferred shear forces along the critical shear crack (through aggregate interlock 
mechanism) consist of the remainder of the total shear force. 
2.4.2.1 Uncracked Concrete Above the Critical Crack 
 Based on the simulation results, in all specimen sizes, shear forces are 
primarily resisted by the uncracked concrete above the critical shear crack subjected to 
shear-compression stresses. In fact, inclined compressive stresses through the uncracked 
concrete ligament above the critical shear crack transmit 68% of the shear capacity in the 
S6 and S3 beams, and their contribution increased to 86% of the shear capacity in the S1 
beams. 
 The contribution of the uncracked concrete to the normalized shear strength 
decreased by 0.074 MPa0.5 (50%) and 0.082 MPa0.5 (56%), in the S3 beams (having d = 
292 mm) and the S1 beams (having d = 883 mm) compared to the S6 beams (having d = 
146 mm), respectively. This result is associated with the size effect in the shear-
compression fracture of the concrete above the critical shear crack [15]. Since the salient 
characteristics of the concrete used in all the specimens are similar (i.e., fc ≈ 30 MPa, GF 
≈ 86 N/m, and da = 19 mm), the effective width of the shear-compression band, in line 
with the FPZ width, wc ≈ 3da = 57.3 mm [26], remains constant. Therefore, in the larger 
beams with proportionally deeper uncracked concrete ligament depths as presented in 
Table 2.6, the constant FPZ width results in a less uniform compressive stress profile as 
demonstrated in the compressive stress profiles in Figure 2.10 through the LDPM-based 
simulations. Additionally, relatively smaller concrete depth in compression above the 
critical crack was attained at increasing beam size, which facilitated such a size effect. In 
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fact, the uncracked concrete depth-to-effective depth ratio decreased from 0.3 in the S6 
beam, to 0.23 and 0.18 in the S3 and S1 beams, respectively. 
2.4.2.2 Aggregate interlock 
 The contribution of the aggregate interlock to the shear capacity is significant 
in the small to medium size beams (i.e., S6 and S3 beams). This is due to the relatively 
smaller crack width (5.7 mm and 8.2 mm for S6 and S3 beams, respectively) in such 
beams that allows the activation of aggregate interlocking until the failure of the 
specimen. According to Table 2.6, the contribution of the aggregate interlocking in the S6 
and S3 beams is equal to 28% and 29% of the shear capacity, respectively. However, in 
the S1 beam with d = 883 mm, the maximum crack width is equal to 17.2 mm, and the 
contribution of the aggregate interlocking is only 10% of the shear capacity.  
 Although the aggregate interlock is the secondary means for the transfer of 
shear forces, its contribution to the size effect is significant. In fact, the normalized shear 
strength decreased by 0.03 MPa0.5 (49%) and 0.053 MPa0.5 (87%), in the S3 beams and 
the S1 beams compared to the S6 beams, respectively. This reduced contribution is 
attributed to the wider width of the shear cracks in the larger beams through which less 
shear forces were transferred [47]. This aspect is represented in Figure 2.11, in which the 
evolution of the shear crack width-to-maximum aggregate size ratio, wcr/da, with respect 
to the increased normalized shear stresses is plotted. The maximum of wcr/da increases 
from 0.3 in the S6 beam to 0.9 in the S1 beam. 
 In addition, Figure 2.11 highlights a transition from a semi-plastic failure in 
the S6 beam to a brittle failure in the S1 beam. In fact, in the S6 beam, after the formation 
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of the critical shear crack at 49% of the peak load, its normalized shear strength is 
gradually increased. Instead, in the S3 beam, and particularly S1 beam, the aggregate 
interlock is activated close to the peak load of the beams (i.e., 92% and 95% of the peak 
load for the S3 beam and S1 beams, respectively) and the failure of the beams occur 
immediately. This transition can be compared to the asymptotes in size effect law 
proposed by Bažant et al. [14] presented in Figure 2.12. According to this law, in a small 
structure, the FPZ occupies a large portion of the cross section and the failure behavior is 
closer to plastic limit analysis, in which the strength limit is reached simultaneously in 
most of the failure surface. This type of failure is associated with the asymptote equal to 
zero for the exponent of the power law. In a larger structure, the FPZ occupies a smaller 
portion of the cross section; i.e., it is more localized. Therefore, the response is closer to 
that predicted by linear elastic fracture mechanics (LEFM) which is associated with the 
asymptote equal to -1/2 for the exponent of the power law. Here, for the smaller beams 
(in particular, the S6 beams), because of significant effect of the aggregate interlock to 
the shear capacity, the scatter of the experimental data is larger. However, the brittle 
response of the S1 beam is accurately represented by the LEFM asymptote. This 
highlights an important characteristic of the size effect law in predicting the shear 
capacity of the extremely large structures based on the LEFM asymptote, where 
extrapolation of the experimental data is needed. 
2.4.2.3 Dowel action 
 The contribution of the dowel action to the shear strength is found to be 
negligible (i.e., 3-4% of the shear capacity) in all beam sizes. Here, the contribution of 
this mechanism is particularly low due to the small shear stiffness of the longitudinal 
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GFRP bars. Although, a size effect equal to 66% is also seen in the contribution of the 
dowel action between the S1 and S6 beams, its relatively negligible magnitude (0.006 
MPa0.5) renders this mechanism as the less significant one for the size effect. 
2.4.2.4 Evolution of shear transfer mechanisms 
 Based on the provided results regarding to the cases presented in this paper, 
both mechanisms including uncracked concrete above the critical shear crack, as well as 
the aggregate interlocking along such crack contribute to size effect on the shear strength 
of GFRP RC beams without stirrups. Therefore, any mechanics-based numerical model 
attempting to simulate the size effect in shear, must represent both shear resisting 
mechanisms faithfully. 
 The LDPM-based simulations also provide the evolution of the contributions 
of different shear transfer mechanisms to normalized shear strength until the shear 
capacity, as demonstrated in Figure 2.13. Here, as the diagonal cracks propagate in the 
shear span, the contribution of the transferred shear forces through uncracked concrete, 
Vc, decreases abruptly, and aggregate interlocking and dowel action mechanisms activate. 
In the S6 beam, with the formation of the diagonal crack at 60% of the shear capacity, the 
contribution of Vc to normalized shear strength decreased by 0.044 MPa
0.5 (34%). In the 
S3 and S1 beams, diagonal cracks in the shear span started to develop at 54% and 51% of 
their shear capacity, respectively and the contribution of Vc to the normalized shear 
strength decreased by 0.012 MPa0.5 (21%) and 0.005 MPa0.5 (%13), respectively. This 
information provides valuable knowledge about the role of the shear resisting 
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mechanisms and their interplay at the level of service load in the beams which can assist 
researchers and practitioners in the damage evaluation of the existing structures. 
 In line with the findings in this paper, the finite element simulations conducted 
by Bažant and Yu [15], demonstrated that in the small beams (i.e., d < 300 mm), the 
crack bridging stresses have a significant contribution to the shear capacity of the RC 
beams without stirrups. But in larger beams (i.e., d > 1000 mm) their relative contribution 
is decreased, as the majority of the shear load is transmitted through inclined compressive 
stresses above the critical shear crack. It is noted that the geometry of the specimens as 
well as the reinforcement material in those simulations were different. However, similar 
trend in the contribution of the shear transfer mechanisms to the size effect is observed. 
2.5 CONCLUDING REMARKS 
 Computational models of GFRP RC beams without stirrups, and with effective 
depth ranging from 146 mm to 883 mm, were developed. The model included a 
calibrated and validated concrete LDPM based on the available information from the 
experiments [9] and literature, an orthotropic GFRP bar material model, and an 
experimentally validated nonlinear bond-slip law for GFRP bar-concrete interfaces. The 
following conclusions were drawn: 
• The proposed computational modelling approach, which considers the fracture 
and friction phenomena in concrete, enables one to accurately predict load-
deflection response, damage progression, cracking evolution, and shear strength 
irrespective of the beam size. 
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• The shear forces transferred through the uncracked concrete above the critical 
shear crack, and along such crack (i.e., aggregate interlock), contribute to shear 
capacity and size effect. The uncracked concrete is the predominant medium for 
providing the beam strength (68%-86% in S6 and S1 beams). However, aggregate 
interlock plays a major role on size effect with a 87% decrease in the normalized 
shear strength at increasing effective depth from 146 mm to 883 mm. With 
decreasing contribution of aggregate interlock, failure of the GFRP RC beams 
without stirrups becomes mode abrupt, which is typically the case for large 
members. 
• Dowel action provided a negligible contribution to the shear strength.  
• A robust calibration procedure needs to be introduced for the case where only fc 
and da are known, which is the typical case in research and practice. For an 
accurate prediction of shear strength, it is recommended that fracture tests be 
performed along with standard compression tests to characterize concrete. 
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Tables: 
Table 2.1 Experimental and analytical results of load tests  
Specimen 
d 
[mm] 
 
fc 
[MPa] 
EGFRP 
[GPa] 
ffu 
[MPa] 
Ve 
[kN]  
e
w c
V
b d f
 
[ MPa ] 
Vb  
[kN] 
Vn [kN] 
ACI 
440 
[11] 
ACI 
446 
[9] 
Hoult 
et al. 
[30] 
CSCT 
[18] 
S6-0.12-2A 
146 3.1 
32.1 43.2 849 36.9 0.195 48.5 10.1 18.6 19.0 21.9 
S6-0.12-3A 32.1 43.2 849 26.3 0.139 48.5 10.1 18.6 19.0 21.9 
S3-0.12-1A 
292 3.1 
32.1 43.2 849 19.2 0.102 48.5 10.1 16.1 17.7 16.4 
S3-0.12-2A 32.1 43.2 849 17.9 0.095 48.5 10.1 16.1 17.7 16.4 
S1-0.12-1A 
883 3.1 
29.5 41.0 476 154 0.070 348 117 132 163 117 
S1-0.12-2B 29.6 41.0 483 151 0.069 353 117 133 163 117 
 
s
d
4
1
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Table 2.2 Concrete LDPM geometric parameters  
Geometric parameters 
Models  
A and B 
Cement mass content, c [kg/m3] 389 
Water-to-cement ratio, w/c 0.45 
Aggregate-to-cement ratio, a/c 5.2 
Maximum aggregate size, da [mm] 19 
Fuller coefficient, ηF 0.45 
Minimum aggregate size, d0 [mm] 11 
 
 
Table 2.3 LDPM meso-scale material parameters for Models A and B 
Material parameters Model A Model B 
Normal modulus, E0 [GPa] 36 36 
Shear-normal coupling parameter, α 0.24 0.24 
Tensile strength, σt [MPa] 3.1 2.8 
Shear strength ratio, σs/σt 4.1 4.7 
Tensile characteristic length, lt [mm] 180 170 
Softening exponent, nt 0.2 0.2 
Initial friction, μ0 0.2 0.2 
Transitional stress, σN0 [MPa] 600 600 
Confined compressive strength, σc0 [MPa] 100 100 
Densification ratio, Ed 1 1 
Initial hardening modulus ratio, Hc0/E0 0.4 0.4 
Transitional strain ratio, κc0 2 2 
Deviatoric strain threshold ratio, κc1 1 1 
Deviatoric damage parameter, κc2 5 5 
Asymptotic friction, μ∞ 0 0 
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Table 2.4 Computational information on GFRP-RC beams load test simulations 
Specimen Number of nodes Number of facets Computation time [hours] 
S6 31,728 343,747 144 
S3 42,539 452,635 168 
S1 441,098 5,341,500 5,040 
 
 
 
 
Table 2.5 Numerical results on GFRP-RC beams load test simulations 
Specimen 
d 
[mm] 
VLDPM 
[kN] 
LDPM
w c
V
b d f
 
[ MPa ] 
Δ LDPM
w c
V
b d f
 
[ MPa ] 
σf 
[MPa] 
τf 
[MPa] 
Tsai-Hill 
Index 
wcr @ d/2 
[mm] 
S6 146 41.1 0.219 – 801 32 0.91 5.7 
S3 292 20.4 0.109 0.11 432 12 0.26 8.2 
S1 883 167 0.076 0.143 412 10 0.24 17.2 
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Table 2.6 Contribution of shear transfer mechanisms at peak shear load 
Specimen 
 [
] 
Uncracked concrete Aggregate interlock Dowel action 
Ligament 
depth 
[mm] 
Portion of 
shear 
capacity 
[%] 
Contribution 
to  
 [ ] 
Portion of 
shear 
capacity 
[%] 
Contribution 
to   
[ ] 
Portion of 
shear 
capacity 
[%] 
Contribution 
to  
 [ ] 
S6 beams 
(d = 146 mm) 
0.217 45 68 0.147 28 0.061 4 0.009 
S3 beams 
(d = 292 mm) 
0.107 62 68 0.073 29 0.031 3 0.003 
S1 beams 
(d = 883 mm) 
0.076 160 86 0.065 10 0.008 4 0.003 
 
LDPM
w c
V
b d f
MPa
LDPM
w c
V
b d f
MPa
LDPM
w c
V
b d f
MPa
LDPM
w c
V
b d f
MPa
4
4
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Figures: 
 
Figure 2.1 Load tests: schematics of four-point-bending load-test setup for scaled GFRP-
RC beam specimens without stirrups, and cross sections. (Dimensions in mm.) 
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   (a) 
 
   (b) 
Figure 2.2 Computational model: (a) shear crack in 
GFRP-RC beam and aggregate interlock with transfer 
of shear force, Vag, in concrete LDPM; (b) constitutive 
laws for fracture in tension and tension-shear 
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Figure 2.3 Numerical simulation of TPB test and 
representative load-midspan displacement curve 
 
 
    
 
 
 
Figure 2.4 Uniaxial compression stress-strain curves 
for calibrated models A and B 
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Figure 2.5 (a) GFRP bar-concrete interaction; and (b) experimental bond-slip 
envelope and adopted bond-slip law. 
 
 
 
 
 
 
 
Figure 2.6 Representative schematics of test setup (S1 beam) 
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   (c) 
Figure 2.7 Results for S6 beams (d = 146 mm) using 
Model A: (a) load-midspan deflection; (b) crack 
pattern at failure from experiments; and (c) evolution 
of crack patterns from numerical simulations.  
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   (c) 
Figure 2.8 Results for S3 beams (d = 292 mm) using 
Model A: (a) load-midspan deflection; (b) crack 
pattern at failure from experiments; and (c) evolution 
of crack patterns from numerical simulations.  
0
0.02
0.04
0.06
0.08
0.1
0.12
0
5
10
15
20
25
0 5 10 15 20 25
N
o
r
m
a
li
ze
d
 s
h
e
a
r
 s
tr
e
ss
,
V
/(
b
w
d
f c
0
.5
) 
[M
P
a
0
.5
]
S
h
e
a
r
 l
o
a
d
, 
V
[k
N
]
Midspan deflection [mm]
 S3-0.12-1A
 S3-0.12-2A
 Model A
I
II III
S3-0.12-1A
S3-0.12-2A
I
II
III
0.01 ≥ 2
Crack opening [mm]
1
 51 
 
        (a) 
 
        (b) 
 
    (c) 
 
Figure 2.9 Results for S1 beams (d = 883 mm) using 
Model B: (a) load-midspan deflection; (b) crack 
pattern at failure from experiments; and (c) evolution 
of crack patterns from numerical simulations. 
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(c) 
Figure 2.10 Maximum principal stress contour at peak load, and distribution of axial and 
shear stress along the uncracked concrete ligament above the critical crack in: (a) S6 
beam; (b) S3 beam; and (c) S1 beam. 
  
 
146S6
457
≤ -6 ≥ 0
Maximum principal stress [MPa]
-3
-20
σxx [MPa]
0 -5 -10 -15
0.20
0
0.05
0.10
0.15
0.30
0.25
z/
d
 [
-]
6
τxz [MPa]
z/
d
 [
-]
0 2 4
0.20
0
0.05
0.10
0.15
0.30
0.25
292
914
S3
≤ -6 ≥ 0
Maximum principal stress [MPa]
-3
x
z
-20
σxx [MPa]
0 -5 -10 -15
0.20
0
0.05
0.10
0.15
0.30
0.25
z/
d
 [
-]
6
τxz [MPa]
z/
d
 [
-]
0 2 4
0.20
0
0.05
0.10
0.15
0.30
0.25
883
2743
S1
`
x
z
≤ -6 ≥ 0
Maximum principal stress [MPa]
-3
-20
σxx [MPa]
0 -5 -10 -15
0.20
0
0.05
0.10
0.15
0.30
0.25
z/
d
 [
-]
6
τxz [MPa]
z/
d
 [
-]
0 2 4
0.20
0
0.05
0.10
0.15
0.30
0.25
 53 
 
 
Figure 2.11 Evolution of crack width ratio, wcr/da, at d/2 in S6, S3 and S1 beams 
 
 
Figure 2.12. Double logarithmic representation 
of size effect in S beams 
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      (c) 
Figure 2.13 Evolution of shear transfer mechanism contributions in (a) S6 beam, 
(b) S3 beam, and (c) S1 beam. 
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CHAPTER 3 
MESO-SCALE MODELING OF SHEAR FAILURE IN GFRP 
REINFORCED CONCRETE BEAMS WITHOUT STIRRUPS
 
ABSTRACT 
 This chapter focuses on the calibration and validation of a concrete Lattice 
Discrete Particle Model (LDPM) to be utilized to numerically simulate the response of 
slender GFRP-RC beams without stirrups with effective depth in the range 146-292 mm. 
The geometric and material parameters of LDPM are calibrated and validated based on 
available experimental results, standard codes, archival literature, and numerical 
simulation of fracture tests. The RC beam models include orthotropic GFRP bar elements 
that interact with the surrounding concrete through a nonlinear bond-slip model. The 
results of numerical simulations provide accurate estimates of load-midspan deflection, 
failure mode and associated crack pattern irrespective of beam size. The proposed 
numerical model provides a physical explanation of the size effect on shear strength, 
demonstrating its capabilities in simulating the underlying shear transfer mechanisms. 
3.1 INTRODUCTION 
 Design for shear in slender reinforced concrete (RC) beams without stirrups is 
an important topic since shear failure occurs abruptly at a load well below that associated 
with flexural failure [1]. In such beams, shear forces are transferred by the uncracked 
concrete above the neutral axis, through aggregate interlocking and tensile cohesive 
stresses along diagonal cracks, and dowel action exerted by the flexural reinforcement. 
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The decrease in the shear strength at increasing effective depth in GFRP RC beams 
without stirrups has been reported in the literature [2–4]. This phenomenon, also known 
as size effect, is exacerbated in GFRP RC members without stirrups since they have 
lower equivalent reinforcement ratios than the counterpart steel RC members with similar 
cross-sectional area due to markedly lower axial stiffness of GFRP bars. It has been 
shown that this effect is also significant for relatively modest (e.g., ~300 mm) effective 
depths [4,5]. 
 Existing design algorithms account for the influence of axial stiffness of the 
flexural reinforcement on the shear strength of FRP RC beams. To this end, ACI 440.1R-
15 [6] provides directions to estimate the nominal shear strength of GFRP RC beams 
under the assumption that shear forces are resisted primarily through the uncracked 
concrete above the neutral axis. This design algorithm is conservative and conscious of 
limited number of available results and the lack of evidence of size effect [7]. Following 
the same fundamental assumptions for shear force resisting mechanisms (STMs), a 
fracture mechanics-based algorithm accounting for size effect in steel RC beams was 
proposed by ACI committee 446 [8], which was also modified for GFRP-RC beams [4]. 
The supporting size effect explanation of this algorithm is based on the ratio of the 
fracture process zone (FPZ) length (related to the maximum aggregate size) to the depth 
of the uncracked concrete ligament above the critical shear crack, where shear-
compression and cohesive stresses are transferred. By maintaining the maximum 
aggregate size and increasing the depth of the beam, because of the fixed length of FPZ, 
such ratio decreases and the compressive stress profile above the shear crack at failure 
becomes less uniform and reduces the sectional shear stress at failure [9]. The CSA shear 
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design provisions (CSA S6-14) [10] provide an analytical approach to effectively 
calculate the nominal shear strength of steel and FRP reinforcement based on the 
Modified Compression Field Theory (MCFT) [11]. Here, aggregate interlock is 
considered as the primary shear transfer mechanism and the shear capacity is a function 
of concrete compressive strength, maximum aggregate size, and crack width. Size effect 
in this approach is attributed to the formation of wider cracks, leading to reduced 
contribution of aggregate interlocking to shear strength [3,12,13]. 
 The fundamental differences in the physical explanation of size effect and 
their translation into nominal shear strength design algorithms highlight the importance 
of understanding the role of the STMs and their interplay. Numerical models have the 
advantage of revealing internal stress and strain fields within the concrete specimen at 
various stages of loading and thus, contribute to comprehending the underlying STMs. 
For this purpose, the numerical models need to use appropriate constitutive laws to 
account for fracture and friction phenomena in concrete. Continuum models for concrete 
utilize smeared crack [14] and crack band [15] approaches to describe the fracture 
behavior, and plastic-damage approach [16,17] to define compression and shear 
responses. Such models [18,19] include advanced constitutive laws for concrete response 
in fracture, shear, unconfined and confined compression and have shown faithful results 
in capturing shear failure of RC beams without stirrups. However, improvement in 
simulation of undergoing phenomena in the FPZ, such as microcracking and aggregate 
bridging at the inclined cracks in the shear span is needed. Discrete models have the 
advantage of representing localized and distributed cracks in concrete.  Such models also 
replicate splitting failure under unconfined compression due to simulating strut-and-tie 
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behavior in concrete opposed to continuum models, which fictitiously use compression 
strain-softening in their constitutive laws to account for such behavior [20,21]. 
 In this paper, a meso-scale model for concrete called the Lattice Discrete 
Particle Model (LDPM) [20,22], is enlisted because: (1) it accounts for concrete 
heterogeneity by randomly placing aggregate particles with their actual size distribution 
within the specimen volume; and (2) it simulates shear-frictional cracking and aggregate 
interlocking in concrete by using discrete formulation and long-distance interactions 
between aggregate particles through lattice struts, along with incorporating vectorial 
constitutive laws for tension-softening and shear-friction behavior. A constitutive model 
for GFRP reinforcement material along with the nonlinear bond-slip law for the 
interaction with the adjacent concrete are also presented to faithfully simulate the shear 
stress transfer and the dowel action in the GFRP-RC beams without stirrups. Here, an 
explicit calibration procedure for determining LDPM parameters with the typical 
provided information in practice (compressive strength and maximum aggregate size) is 
provided. Then, the LDPM-based numerical model is used to simulate the shear failure of 
four GFRP-RC beams without stirrups in four-point-bending with the effective depths in 
the range of 146-292 mm [5]. These beams exhibited size effect in excess of 62% in 
shear and had different failure mechanisms with respect to the ratio of the maximum 
aggregate size to the effective depth, that could be associated to the decreased 
contributions of the uncracked concrete above the tip of the critical shear crack and the 
aggregate interlocking along the critical shear crack. The outcome of this research is to 
contribute to understanding STMs and a step towards faithful numerical simulations to 
predict shear strength of GFRP-RC beams without stirrups irrespective of size. 
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3.2 NUMERICAL MODELS OF CONCRETE 
 This section provides an overview of available concrete models suitable for 
simulating shear behavior. Concrete can be approximated as a homogeneous material at 
the macroscopic scale. But its macroscopic behavior is influenced by its heterogeneity 
showing quasi-brittle failure with strain softening and damage localization. In the 
classical tensorial approach, the constitutive laws of concrete in continuum frameworks 
provide the relation between the stress and strain tensors following finite element (FE) 
formulations. Following classical approaches, the onset of concrete fracture can be 
predicted, but the tensorial constitutive laws limit the ability to simulate the post peak 
fracture behavior where softening occurs. To account for concrete fracture and post-peak 
behavior, smeared crack [14], crack band [15], and plastic-damage [16] models were 
formulated and implemented in FE frameworks. Smeared crack and crack band models 
apply fracture mechanics (i.e. cohesive crack forces) to evaluate the dissipated energy 
due to fracture in cracked elements. Plastic-damage models introduce fracture energy and 
plasticity-based damage parameters for tensile and compressive stresses in the concrete, 
respectively. 
 Generally, the results of such models are mesh sensitive since size and 
orientation of the elements determine the size of the localization zones and dissipated 
energy. Recent continuum models benefit from a mesh adjusted softening modulus that 
mitigate the mesh sensitivity caused by localized deformations in mesh-dependent size 
zones [17,18]. Another issue of continuum models is simulating the fracture propagation 
in concrete and describing the displacement and stress fields around discrete cracks. 
Several methods are used to simulate fracture propagation of discrete cracks such as 
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element deletion methods [23], displacement field enrichments [24,25], remeshing 
techniques [26], and interface elements [27]. Relying on fracture mechanics to determine 
stress values at crack tips (following cohesive crack model) in these models, brings stress 
singularity issues that is partially mitigated when these models are combined with non-
local formulations for describing stress field around the discontinuous regions [28]. 
 The microplane model for concrete [29] is a multi-scale model that ensures 
stability in the presence of softening damage due to its kinematic constraint where strain 
vectors in planes of arbitrary orientation within the material (called microplanes) are 
projected from the macroscopic strain tensor. The static equilibrium (i.e., equilibrium 
between the macroscopic stress tensor and microplane stress vectors) is achieved through 
equilibrium of internal and external energy at each integration point of each finite 
element (principal of virtual work). The constitutive laws of the microplane model 
include tensile cracking (based on the crack-band model), friction, and pore collapse in 
concrete. The model was used to simulate shear behavior of RC beams [19]. However, 
consideration of concrete heterogeneity and realistic crack path required for replicating 
aggregate interlocking is a subject of improvement in this model. 
 To address the heterogeneity of concrete, mini-scale models were introduced 
modeling aggregates, mortar and their interfacial transition zone [30,31]. However, 
modeling a structural component using mini-scale models is computationally expensive. 
Computationally less demanding are the meso-scale models that consider the 
heterogeneity of concrete by including the aggregates and mortar around them [20,32]. 
Implemented in discrete element framework, meso-scale models complement the results 
obtained by the continuum models by directly simulating strut-and-tie behavior and 
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localized failure in concrete [21]. In fact, compression strain softening in concrete is 
directly obtained without fictitious describing of such behavior in continuum models 
[20]. Sharing the idea of introducing potential failure planes in concrete with the 
microplane model, along with implementation in a discrete formulation with a lattice 
system, the LDPM simulates realistic crack patterns in concrete and has the potential of 
simulating the STMs and replicating shear failure in slender RC beams without stirrups. 
3.3 COMPUTATIONAL FRAMEWORK 
 This section presents the computational framework used to simulate GFRP-
RC beams without stirrups. The framework components include the LDPM, GFRP 
material model, and GFRP bar-concrete interaction model with their brief description. 
3.3.1 Lattice Discrete Particle Model 
 The lattice discrete particle model (LDPM) [20] represents the geometry of 
concrete as a two-phase model considering aggregate and mortar. Idealized as spheres, 
the particles are distributed randomly within the volume of the specimen (Figure 3.1a). 
Particles with zero radius are also assigned to the outer surfaces, edges and vertices to 
capture the actual shape of the specimen (Figure 3.1b). The lattice system is assembled 
by connecting the center of the particles as the vertexes of Delaunay tetrahedralization. 
Tessellation of LDPM tetrahedrons builds triangular contact areas that represent the 
potential material failure planes called facets (Figure 3.1c). The mechanical interactions 
of adjacent particles are simulated through polyhedral cells (Figure 3.1d) and the facets 
created in the lattice-particle system. The two-dimensional representation of the facets (as 
lines) is illustrated in Figure 3.1e. The geometry definition of LDPM gives it an 
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advantage in capturing heterogeneity of concrete as well as realistic crack formation and 
propagation through the specimen. 
 Rigid body kinematics describe the deformation of the lattice-particle system 
and the displacement jump, ⟦uC⟧, at the centroid of each facet as crack opening occurs.  
Strain measures are defined as: eN = n
T⟦uC⟧/𝓁, eL = lT⟦uC⟧/𝓁, and eM = mT⟦uC⟧/𝓁, where 𝓁 
stands for inter-particle distance, and n, l, and m are the unit vectors that define the local 
reference system of each facet (Figure 3.1c). The meso-scale vectorial constitutive law 
governs the behavior of the material allowing the calculation of the normal and shear 
stresses at the centroid of each facet. Finally, the governing equations are completed by 
imposing equilibrium between internal work associated with facets and external work 
using the principal of virtual work. 
 The LDPM constitutive laws simulate elastic and inelastic behavior of 
concrete. Normal and shear stresses are assumed to be proportional to the associated 
strains under elastic deformations, i.e., σN = EN eN, σM = ET eM, and σL = ET eL, where EN = 
E0, ET = αE0 (E0 = normal modulus, α = shear-normal coupling parameter). The full 
explanation of the constitutive laws of LDPM inelastic behavior is reported elsewhere 
[20,33]. LDPM constitutive laws for inelastic behavior of concrete consider two 
mechanisms that are essential to simulate STMs: (1) fracture and cohesion for tensile and 
tensile-shear stresses; and (2) frictional behavior for compressive-shear stresses. Concrete 
fracture is simulated by tension-softening constitutive law based on crack band model 
[15], which allows the transfer of cohesive tensile stresses. In the shear span of RC beams 
without stirrups in four-point-bending load test, inclined cohesive cracks are created and 
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propagated due to combined shear and flexure. With progression of loading, relative 
sliding of concrete in the opposite sides of the meso-scale crack closes the crack opening 
and generates compressive stresses in the angled facets. In the presence of compressive 
stresses, the concrete shear strength increases due to the frictional constitutive law. 
Discrete formulation along with geometric representation of the concrete meso-structure 
allows LDPM to locally transfer shear forces, Vag, simulating aggregate interlocking 
mechanism as demonstrated in Figure 3.2. 
3.3.2 GFRP Material Model 
 GFRP is a composite material where fibers provide its strength and axial 
stiffness and the matrix protects the fiber and transfers the load between them. It exhibits 
a linear elastic behavior in tension until a brittle failure. It has a relatively higher tensile 
strength than conventional steel bars, but its elastic and shear modulus are significantly 
lower (EGFRP ≈ 0.2Esteel, GGFRP ≈ 0.1Gsteel). Here, the beam specimens are constructed 
using Ø16 mm (#5) pultruded E-glass/vinyl ester GFRP bars. The longitudinal elastic 
modulus and shear modulus of the bars are 49.3 GPa and 7.39 GPa, respectively. The 
implemented finite element type in the numerical model follows Mindlin-Reissner theory 
of plates and shells [34,35] where equal width and depth of the plate makes it equivalent 
to the reinforcements. The element formulation includes the effect of transverse shear 
deformation on the displacement and rotation of the nodes by modifying the element 
shear stiffness multiplier from 0.9 for isotropic circular section to 0.36 to reflect the lower 
shear stiffness of GFRP bars. Therefore, the shear stresses and deformations in the GFRP 
bars are more accurately calculated leading to a better representation of dowel action in 
the RC beams. Here, the failure envelope of GFRP bars follows Tsai-Hill criterion [36] 
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for unidirectional lamina to involve the shear stress component of the bar generated by 
dowel action that might contribute to the rupture of the bar. The failure criterion in the 
bar is achieved when the following quadratic equation is satisfied: 
   
2 2
1 12
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            (3.1) 
where σ1 and τ12 are axial stress and shear stress acquired through the numerical 
simulation, respectively. The values of mean ultimate tensile strength, (σ1)u, and shear 
strength, (τ12)u, are 785 MPa and 204 MPa, respectively. This criterion applies Von-
Mises distortional energy yield criterion on orthotropic bars, where it considers the axial 
stress state of fibers and shear stress state of the binding matrix. Shear stress state 
becomes notable at the intersection of GFRP bars with shear cracks due to dowel action. 
3.3.3 GFRP Bar-concrete Interaction Model 
 The characteristics of GFRP bar-concrete interaction model depends on 
frictional and bearing bond mechanisms. These mechanisms are affected by the diameter 
and the surface treatment of the bar, the geometry of the concrete member, the placement 
of the bar in the member cross section, the cover splitting, the formation of the crack 
pattern at ultimate failure, the bond-stress distribution along the anchorage length, and the 
stress state of the concrete surrounding the reinforcement [37]. The relative motion and 
interactive forces between concrete and GFRP reinforcement are assigned through 
nonlinear springs connecting the bar nodes to the centroid of the adjacent LDPM 
tetrahedron as demonstrated by Alnaggar et al. [38] for the case of steel bars. A 
schematic representation of the constraints is presented in Figure 3.3a. The associated 
bond-slip law between the GFRP bars and concrete describes the mechanical properties 
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of the interface. The bond-slip law is typically obtained from experiments based on direct 
pull-out or beam tests for GFRP bars embedded in concrete. The modified Bertero-
Popov-Eligehausen (BPE) model [39] is found to be an effective model to calculate 
bond-slip response for the GFRP bar-concrete interface [40]. In fact, this model has an 
ascending branch followed by a softening branch due to loss of mechanical bond, and 
finally a constant residual bond stress due to friction. 
 Bond strength acquired from beam tests are typically smaller than those 
obtained from pull-out tests [41]. This is due to the tensile stress state of the surrounding 
concrete in beam test that causes cracking and compromises the mechanical bond at the 
interface. As a result, the experimental values for bond strength from beam tests are 
considered here. The parameters defining ascending and descending slopes, and residual 
strength are mostly related to the surface treatment of the GFRP bars [42,43]. Figure 3.3b 
shows the nonlinear bond-slip model that was implemented in the numerical simulation, 
together with the envelope of experimental results reported in the archive literature 
[39,44–46]. 
3.4 CALIBRATION OF LDPM PARAMETERS 
 LDPM response depends on two sets of geometric and meso-scale material 
parameters. The six parameters in the first set define the concrete meso-structure and are 
selected based on the mix design of concrete that was used for the actual beam specimens 
(with maximum aggregate size of 12.7 mm). The 15 mechanical parameters in the second 
set define LDPM constitutive laws, which incorporate elastic and inelastic response of 
concrete at the facets. Under unconfined compression state, confining pressures are not 
high enough to initiate pore collapse in concrete and thus, the meso-scale material 
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parameters affiliated with pore collapse behavior have negligible effect on the stress-
strain response [22]. For this reason, the calibration of these parameters is neglected here, 
and their values are selected based on the typical values introduced for normal-strength 
concrete [22,47]. Ideally, a complete calibration of LDPM material parameters requires 
the numerical fitting of complete load-displacement curves from unconfined compression 
tests (ASTM C469) and fracture tests such as splitting tensile strength (ASTM C496), 
modulus of rupture (ASTM C78), three-point bending (TPB), and direct tension tests. 
However, in most cases in practice, only compressive strength results along with some 
mix design information (e.g., maximum aggregate size) are provided. Therefore, in this 
paper, an algorithm is presented to determine values for LDPM parameters using data 
from literature and standard codes. To this end, the provided algorithm sufficiently yields 
accurate estimates for the parameters with the availability of experimental data from 
common concrete characterization tests (e.g., ASTM C39 or, less frequently, ASTM 
C469). 
3.4.1 Stress-strain Data from Uniaxial Test and Calibrated Model 
 In this chapter, the available data for calibration of LDPM parameters consist 
of: (1) information on the concrete mixture design; and (2) stress-strain curves from 
uniaxial compression tests on 30 unconfined 101-by-203 mm cylinders, which were 
performed in conformance with ASTM C469. Low-friction pads were inserted between 
the cylinder surfaces and the loading platens to minimize the lateral confinement that 
resulted in vertical cracks through both ends of the specimen as the dominant fracture 
pattern without well-formed cones. In Figure 3.4a, the calibrated stress-strain curve is 
presented, together with envelope of stress-strain diagrams and peak compressive stress 
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markers. In addition, representative experimental and simulated crack patterns for the 
calibrated LDPM are presented in Figure 3.4b. The summary of associated LDPM 
geometric and material parameters are presented in Table 3.1 and Table 3.2, respectively. 
The compressive strength of the calibrated model is 40.1 MPa. 
3.4.2 Geometric Parameters 
 The geometric parameters define the number and size distribution of the 
aggregate particles. The particles are randomly placed from the largest particle (equal to 
maximum aggregate size) to the predefined smallest particle (defined as minimum 
aggregate size) via a randomly distributed positioning try-reject algorithm within the 
concrete volume. Different random positioning of the particles with the same size 
distribution could change the position of the fracture onset, leading to variation in the 
crack paths in the concrete. Thus, the response of the same concrete varies with different 
positioning of the particles and generates the variances in strength and load-displacement 
responses that lie within the experimental data [22]. The related parameters, obtained 
directly upon availability of the mix design, are provided in Table 3.1. 
 The minimum aggregate size, d0, governs the resolution of the model and 
needs to be specified by the user. In models with a smaller value of d0, the number and 
the direction of the crack paths is increased, making it possible to generate finer crack 
paths, but the computational cost is drastically increased. The minimum aggregate size 
also defines the scale of the simulation. Therefore, by decreasing d0, LDPM material 
parameters should be recalibrated for comprehension of a finer scale. Here, d0 is selected 
6 mm, so that the total volume ratio of the simulated aggregates-to-total aggregates, 
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  , is about 30% [22]. If the computational cost makes it necessary to 
select larger value for d0 (leading to Va < 30%), a visual checking of the particle positions 
is recommended to ensure that there are no noticeable gaps within the concrete volume. 
The numerical experiments on different minimum aggregate sizes show that the gaps are 
generally visible for Va ≤ 20%. To this end, if there is no available information on the 
mix design, having maximum aggregate size and compressive strength of concrete, the 
geometric parameters can be determined following ACI standards [48]. 
3.4.3 Material Parameters 
 The procedure of determining the LDPM material parameters is summarized 
in a flowchart represented in Figure 3.5. The constitutive laws of LDPM are established 
through definition of meso-scale material parameters. Along with elastic behavior of 
concrete, its fracturing and frictional properties are relevant to simulation of pre- and 
post-peak response of concrete associated with mixed mode fracturing (mode I and mode 
II). To calibrate the parameters, first the related macroscopic parameters should be 
determined and the effect of each meso-scale parameter on the load-displacement 
response of each certain experimental test should be established. Then, a reasonable value 
or range for each parameter is assigned based on the available values in the literature. 
And finally, the candidate values are selected based on the numerical modeling of 
unconfined compression and fracture tests to optimize the parameter calibration. 
3.4.3.1 Elastic behavior 
 The meso-scale parameters describing the elastic response of LDPM for 
concrete are normal modulus, E0, and shear-normal coupling parameter, α. E0 governs the 
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normal stiffness and α is the coefficient for the shear stiffness of the facets. Under elastic 
conditions, these meso-scale parameters are associated with macroscopic parameters, 
Young’s modulus, Ec, and Poisson’s ratio, υ: 
 0 1 2cE E     (3.2) 
   1 4 1        (3.3) 
When no test results are available, a reasonable estimate for Ec is available through ACI 
code [49]: 
'4733c cE f   (3.4) 
where the units are in MPa. For normal strength concrete, υ = 0.18 is generally assumed 
[50] which corresponds to α = 0.24. The underlying theory behind Eq. 3.2 and 3.3 stems 
from microplane approach where the facets surrounding the aggregates are equivalent to 
kinematically constrained microplanes with no deviatoric/volumetric split of normal 
strain. These equations are obtained by satisfying the equilibrium of internal and external 
energy between meso- and macro- scales in a polyhedral cell through the application of 
principle of virtual work [51]. These equations have shown to correctly correlate the 
meso-scale and macroscopic elastic properties of concrete [20]. Additionally, the elastic 
part of the load-displacement of most standard concrete tests provides information for 
determining E0. Here, the value of 40 GPa for E0 fits with the range of 34-48 GPa and in 
conformance with Eq. 3.2. 
3.4.3.2 Fracture behavior 
The two meso-scale parameters that are directly related to the fracture and 
softening behavior of the facets are tensile strength, σt, and tensile characteristic length, 
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lt. σt describes the maximum tensile stress in the facets in pure tension. At the beginning 
of the fracture process, the facets are usually loaded with tension and the shear 
component is relatively negligible. Therefore, it is reasonable to compare the value of the 
macroscopic tensile strength acquired from tensile splitting tests, f't, to facet tensile 
strength, σt [52]. ACI 318 code [49] suggests a range of 3.2 MPa to 4 MPa for f't, for the 
compressive strength range specified in Figure 2.4a. Numerical simulations of concrete 
cylinder splitting suggest that σt = 3.5 MPa yields a suitable correlation between f't and σt. 
The tensile characteristic length, lt, affects the tensile softening modulus of 
the facets. This parameter is related to the meso-scale fracture energy, Gt described as 
below [20]: 
2
02t t tl E G    (3.5) 
Gt is found to be equivalent to the initial fracture energy, Gf, which is the 
fracture energy related to the onset of the cracking and considered a material property and 
thus, size independent [52]. On the other hand, total fracture energy, GF, is the fracture 
energy accumulated by propagation of the cracks through the specimen, and thus it is size 
dependent and tend to increase with the specimen size [53]. However, based on statistical 
analysis on a large experimental data set, Gf ≈ 0.4 GF [54] and the value of Gf can be 
estimated from the equation below: 
     
0.46 0.22 0.3'
0 0.051 1 11.27f c aG f d w c

    (3.6) 
where α0 is considered 1 and 1.44 for round and angular aggregates, respectively. f’c and 
da units are in MPa and mm, respectively. Using Eq. 3.6, one can find an estimate for Gt 
and through Eq. 3.5 calculate the initial value of lt. From the available f’c range from 
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Figure 3.4a, the range of 120-200 mm seems reasonable for lt. Also, the statistical 
analysis based on over 400 TPB fracture tests from literature [54–65] on the value of GF 
depicted in Figure 3.6, suggests the range of 80-100 N/m as the most reasonable range for 
the concrete. The iterative numerical simulation of TPB test in conformance with RILEM 
[66] yielded to the final value of 160 mm for lt which corresponds to 91 N/m for GF. 
The meso-scale parameters that govern the interaction between shear and 
fracture behavior of the facets are the shear strength ratio, σs /σt, and the softening 
exponent, nt. The parameter nt modifies the softening modulus of facets in tension in 
presence of shear stresses. The macroscopic effect of this parameter is the change in post-
peak slope of the compression stress-strain curve [67]. Based on the available literature 
for concretes with similar compressive strength [22], the value of 0.2 is selected for this 
parameter. The parameter σs/σt defines shear-to-tensile strength ratio in the facets. It is 
one of the dominant factors in determining the stress boundary of facets under mixed-
mode fracture in tension and shear (i.e., Mode I and Mode II). This mode of fracture is 
prevalent under unconfined uniaxial compressive stresses, and thus, the cylinder 
compressive strength, f’c, is greatly impacted by the ratio σs/σt. Through numerical 
simulation of unconfined compression and splitting tension tests, the range 2-5 is adopted 
for σs/σt which is in accordance with the typical ratio between the macroscopic 
compressive and tensile strengths for standard concrete (8-12). In the calibration process, 
through numerical simulation of unconfined compression test, the value will be adjusted 
so that the concrete reaches the target compressive strength. It is noted that changing lt 
also affects the compressive strength due to splitting failure of concrete in unconfined 
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compression. Therefore, value of σs/σt should be adjusted after changing lt as shown in 
Figure 3.5. For this study, the value of 4.5 was selected for σs/σt. 
3.4.3.3 Frictional behavior 
Based on the frictional constitutive laws of LDPM, facet shear strength is 
increased in the presence of compressive stresses. Among the parameters describing the 
frictional shear boundary, the initial friction coefficient, μ0, has the most effect in the 
compressive strength of the concrete in unconfined loading situations by affecting the 
plastic potential function of the facets. The effect of this parameter on the tensile and 
fracture response of concrete is minimal. However, increasing its value extends the 
hardening portion of the stress-strain curve in unconfined compression which leads to 
increased compressive strength and ultimate peak strain. For normal-strength concrete, a 
suitable value for this parameter is 0.2. Although its value can be increased to keep the 
range of σs/σt between two and five (which is usually the case in f’c > 40 MPa) [22]. 
3.5 NUMERICAL SIMULATION OF LOAD TESTS 
After the calibration of LDPM parameters, the LDPM-based framework 
(combining LDPM with the GFRP model and the nonlinear bond slip law for bar-
concrete interface) was used to simulate the response of GFRP RC beams that were 
previously load-tested in four-point bending [5], as described in this section. It is noted 
that no further calibration on LDPM parameters is performed at this stage of the 
simulation and thus, the results represent a very strong validation of the framework. 
The physical experiments consisted of four-point bending tests on four GFRP 
RC beams without shear reinforcement. The geometry of the specimens and test setup are 
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illustrated in Figure 3.7. The specimens with effective depth of 146 mm and 292 mm are 
designated as GS1 and GS2, and GM1 and GM2, respectively. All specimens have shear 
span-to-effective depth ratio, s/d, of 3.1 to minimize arching action and yield to 
conservative values of shear strength [1]. 
The numerical simulations were performed by means of a commercially 
available code [68] and executed on a high-performance computer node with 24 GB of 
RAM using 12 OpenMP threads (2.4 GHz Intel Xeon CPU). Information on the number 
of LDPM nodes and particles, number of facets, simulation, and computational time are 
reported in Table 3.3. An explicit dynamic algorithm based on central difference scheme 
was used with displacement-control loading procedure to the loading plate at a constant 
velocity equal to 2 cm/s. Due to the speed of loading, the simulation period was less than 
a couple of seconds (longer for GS specimens because of shear-flexural failure and 
associated mid-span deflection with it). To ensure that kinetic effects were minimal, the 
ratio of the kinetic energy to the internal work during the simulation was monitored and 
found to be less than 0.01 indicating quasi-static loading scheme. 
3.6 RESULTS AND DISCUSSION 
Table 3.4 summarizes experimental shear force at failure, Ve; the normalized 
shear strength, Ve/(bwdfc
0.5); the theoretical shear force associated with flexural failure , 
Vb; the nominal shear strength, Vn, based on ACI 440 [6], modified ACI 446 [4], and 
CSA [10] design algorithms; numerically simulated shear capacity, VLDPM; and failure 
modes for GS and GM specimens.  
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Comparison of normalized shear strength for the GS and GM specimens 
highlights a size effect in the range of 48-62%. None of the nominal shear strength 
algorithms [4,6,10] capture the apparent size effect between GS and GM specimens, 
indicating the difficulty of accurately accounting for major STMs and their interplay. 
Instead, the LDPM-based simulations yield accurate predictions of the load-midspan 
deflection response and failure load irrespective of beam size, as illustrated in Table 3.4 
and Figure 3.8. In particular, the simulated results effectively approximate pre- and post-
cracking stiffness as well as the associated crack patterns. 
3.6.1 Shear Strength and Failure Modes 
Different modes of failure were attained in the load tests of the GS and GM 
specimens despite having similar concrete, reinforcement ratio, ρeff, and shear span-to-
depth ratio, s/d. In fact, specimens GM1 and GM2 failed in shear at a load 48-62% below 
that associated with flexural failure. Instead, in specimens GS1 and GS2, failure occurred 
upon rupture of the GFRP bar at a shear load exceeding their flexural strength, despite 
being designed to fail in shear [5]. 
In the GM specimens, as presented in Figure 3.9a, flexural cracks formed 
within the constant-moment region and eventually in the shear span. With progression of 
the loading, the inclination of the primary flexural cracks in the shear span increased and 
they propagated towards the loading plate through the uncracked concrete in compression 
leading to the formation of the critical shear crack [69]. This was followed by the sudden 
failure of the beam in diagonal tension. The progression of damage and cracking here are 
well captured by the numerical simulations. In fact, the inset in Figure 3.9a highlights the 
aggregate interlock induced crack [70]. Here, the existing tension crack associated with 
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the mode I fracture is subjected to the shear displacements associated with the mixed 
mode I and II fracture that leads to the development of the inclined cracks due to the 
aggregate interlock forces. This concludes that the shear strength, failure mode, and the 
associated crack patterns are faithfully replicated by the numerical simulations. Figure 
3.9b represents the damage evolution and the associated crack patterns in the GS 
specimens. Here, the inclined cracks formed within the shear span. However, it was not 
followed by the shear failure as it was designed. Instead, flexural failure was attained 
with impending rupture of the GFRP bar. The numerical simulations accurately captured 
the response of the GS beams. In fact, the Tsai-Hill failure criterion along the GFRP bar 
at the peak load is plotted in Figure 3.10 that demonstrates the imminent shear-flexural 
failure of the bar. 
3.6.2 Effect of Nonlinear Bond Law 
Reports from the load-tests indicated no global slips in any of the GFRP-RC 
specimens. For this reason, perfect bond was initially considered between the bar 
elements and the adjacent LDPM tetrahedrons as elastic springs with the penalty 
algorithm. However, for the GM specimens, the model with perfect bond law between 
concrete and GFRP bar overestimated the ultimate strength. In fact, the application of 
perfect bond law with stiff elastic springs restricted the opening and sliding of cracked 
faces at the intersecting cracks by developing unrealistic interface shear stresses leading 
to distributed oblique cracks in the concrete along the GFRP bars in the shear spans [67]. 
The analysis of the crack evolution in the load-tests demonstrated opening and local 
sliding of the cracked concrete faces at the location of the GFRP bar with increasing 
shear load. The application of the non-linear bond law is necessary for the numerical 
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simulations where the shear failure is attained due to the formation and propagation of the 
critical shear crack. The softening part of the non-linear bond law is an additional 
fracturing parameter the allows for local slip and energy release at the bar-concrete 
interfaces where the bond stress reaches its peak value (bond strength). Figure 3.11 
shows the evolution of the bond stress along the GFRP bar in the numerical simulations 
of the GM specimens. Local slips are developed at the location of crack openings and 
thus, the bond stress is diminished. At V = 20 kN, as the delamination of concrete cover 
occurs, the bar-concrete bond weakens and contributes to shear failure of the beam. 
3.6.3 Shear Transfer Mechanisms and Size Effect 
The failure modes of the beams are the results of the activation and 
contribution of the shear transfer mechanisms (STMs) and their interplay, which depend 
on the evolution of damage and the associated crack patterns within the shear span [70]. 
Here, the transfer of the shear load through the uncracked concrete in compression and 
the aggregate interlocking are identified as the major STMs in the numerical simulations. 
Figure 3.12 represents the numerical results of the maximum principal stress contour at 
the peak shear load in the GS and GM specimens. The direct compression strut in the GS 
specimen as the major STM is highlighted where maximum compressive stress of 30 
MPa was attained at the peak load. A maximum compressive stress of 19.3 MPa was 
attained at the top of the crack indicating aggregate interlocking as the other salient STM 
contributing to the shear capacity of the beam. The transfer of shear forces in the GM 
specimens, through the aggregate interlocking and the uncracked concrete above the 
critical shear crack are also highlighted in Figure 3.12. Maximum compressive stresses of 
22.1 MPa and 17.4 MPa were attained in the uncracked concrete and along the critical 
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shear crack, respectively. The generation of the maximum principal compressive stresses 
along the diagonal cracks verifies the proposed aggregate interlocking mechanism in this 
paper. In fact, the shear load transfer due to the aggregate interlocking in the GM 
specimen is represented in Figure 3.13, where the macroscopic stress tensor components 
within the representative LDPM cell lead to the generation of compressive stresses along 
the crack and tensile stresses in the perpendicular direction indicating the mixed mode I 
and II fracture. 
  Size effect on the shear strength is physically explained by the 
contribution of shear resisting mechanisms. Having the same geometrical parameters 
(including da) and the meso-scale material parameters related to the concrete fracture (i.e. 
lt and σt) results in the similar FPZ size in the GS and GM specimens [54]. Therefore, the 
stress localization area in the concrete affected by the FPZ in the GS and GM specimens 
are similar as well. In the GS specimen with the relatively larger FPZ-to-compression 
strut ratio uniform distribution of the compressive stresses in the uncracked concrete 
above the critical shear crack is attained, that results in the formation of the direct 
compression strut between the loading plate and the support as shown in Figure 3.12. By 
scaling up to the GM specimen, with the similar FPZ size, more localized compressive 
stress distribution is attained above the tip of the critical shear crack (indicated in the 
inset), that leads to the formation of inclined compression strut and reduces the 
contribution of the arching action. The direct compressive strut action in the GS 
specimens is an addition to the existing size effect. It could be deduced that the higher s/d 
ratio up to 4 in the GS specimens, may change the failure mode to shear due to the 
reduced contribution of the arching action. In this case, the size effect between the GS 
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and the GM specimens would have been milder with more pronounced influence of the 
aggregate interlocking. Here, the LDPM-based model achieved faithful simulations of the 
salient STMs and their interplay. This designates this numerical model a promising tool 
to simulate the size effect on the shear strength in the case of larger beams (e.g., d ≈ 0.9 
m [4]) with more extreme size effects. 
3.7 CONCLUSIONS 
 This paper presents the calibration and validation of an LDPM-based 
computational framework for the simulation of four-point-bending load tests on 
significant case of slender GFRP-RC beams without stirrups with effective depth ranging 
from 146 to 292 mm. The following conclusions are drawn. 
1. The proposed calibration procedure to obtain the meso-scale LDPM parameters 
based on concrete compressive strength (which is the most common macroscopic 
properties reported in practice) is effectively capturing the concrete response. 
2. The GFRP-RC beam numerical models incorporated the calibrated concrete 
model, an orthotropic GFRP material model, and a non-linear bond-slip law for 
bar-concrete interface. The numerical simulation results accurately predicted the 
load-mid span deflection, crack pattern, and failure load irrespective of the beam 
size. Shear-flexural failure in GS specimens and diagonal tension failure in GM 
specimens were accurately predicted as well.  
3. The size effect on shear strength in excess of 60% resulting from different failure 
modes was not attained in nominal shear strength algorithms [4,6,10] representing 
the difficulty in estimating STMs and their interplay. This numerical framework 
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showed promising improvement in understanding the salient STMs and physical 
explanation of size effect on the shear strength of GFRP-RC beams without 
stirrups. 
4. The application of a non-linear bond-slip law allowed for local slips at the bar-
concrete interface and contributed to the accuracy of the shear strength 
predictions. 
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Tables: 
Table 3.1 LDPM meso-scale geometric parameters  
Geometric parameters Values 
Cement mass content, c [kg/m3] 508.5 
Water-to-cement ratio, w/c 0.4 
Aggregate-to-cement ratio, a/c 5.2 
Maximum aggregate size, da [mm] 12.7 
Fuller coefficient, ηF 0.48 
Minimum aggregate size, d0 [mm] 6 
 
 
Table 3.2 LDPM meso-scale material parameters  
Material parameters Values 
Normal modulus, E0 [GPa] 40 
Shear-normal coupling parameter, α 0.24 
Tensile strength, σt [MPa] 3.5 
Shear strength ratio, σs/σt 4.5 
Tensile characteristic length, lt [mm] 160 
Softening exponent, nt 0.2 
Initial friction, μ0 0.2 
Transitional stress, σN0 [MPa] 600 
Confined compressive strength, σc0 [MPa] 100 
Densification ratio, Ed 1 
Initial hardening modulus ratio, Hc0/E0 0.4 
Transitional strain ratio, κc0 2 
Deviatoric strain threshold ratio, κc1 1 
Deviatoric damage parameter, κc2 5 
Asymptotic friction, μ∞ 0 
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Table 3.3 Computational information on the GFRP-RC beams simulations 
Specimens Number of nodes  
Number 
of facets 
Quasi-static 
simulation time [s] 
Computation 
time [hours] 
GS beams 90,042 1,026,491 1.78 336 
GM beams 119,102 1,335,604 0.95 250 
 
 
Table 3.4 Experimental, analytical and LDPM-based results for GFRP-RC beams 
Specimen 
ID 
Ve [kN]  
'/e w cV b d f  
[MPa0.5] 
Vb [kN] 
Vn [kN] 
VLDPM 
[kN] 
Failure 
mode* 
ACI 
440 
[6] 
ACI 
446 
[4] 
CSA 
[10] 
GS1 44.2 0.207 43.8 11.5 20.7 16.4 
47.9 
F 
GS2 46.0 0.216 43.7 11.5 20.6 16.4 F 
GM1 22.7 0.107 43.4 11.4 17.3 15.1 
23.2 
DT 
GM2 17.8 0.083 44.0 11.6 17.5 15.3 DT 
* DT = Diagonal tension; F = Flexure (GFRP bar rupture) 
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Figures: 
                          
        (a)            (b)    (c) 
    
 (d)       (e) 
Figure 3.1 LDPM computational model: (a) random distribution of aggregate 
particles within concrete volume; (b) outer mesh of specimen by assigning 
particle nodes to surfaces, edges and vertices; (c) twelve facets constructed 
within LDPM tetrahedron; (d) LDPM cell around aggregate particle; and (e) 2D 
representation of potential material failure regions within lattice system in beam 
section. 
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Figure 3.2 Computation modeling of aggregate interlocking with transfer of shear force, 
Vag, along critical shear crack. 
 
        
  (a)           (b) 
Figure 3.3 (a) GFRP bar-concrete LDPM tetrahedron interaction; and (b) 
experimental bond-slip envelope and adopted model. 
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   (a)       (b) 
Figure 3.4 Uniaxial compression: (a) stress-strain response of concrete cylinders 
and calibrated concrete LDPM; (b) representative fracture pattern in experiments 
and LDPM simulation. 
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Figure 3.5 Flow chart for selection and calibration of LDPM material parameters. 
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Figure 3.6 Summary of the statistical results on total fracture 
energy of concrete through TPB fracture tests. 
 
 
 
 
 
Figure 3.7 Schematic of four-point bending test setup. (Dimensions in mm.) 
  
0
4
8
12
16
20
24
P
e
rc
e
n
ta
g
e
 o
f 
sp
e
c
im
e
n
s
GF [N/m]
1 
 
1Ø16 GFRP 
s 
457 - 914 
s 
457 - 914 
m 
300 
l
d
 
610 
l
d
 
610 
Beam width, b
w
 = 114 - 229 
Shear 
force 
d 
146 - 292 
 96 
 
    (a) 
 
    (b) 
 
Figure 3.8 Experimental and simulated load-midspan deflection 
of (a) GS specimens; and (b) GM specimens. 
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(a) 
 
 
(b) 
 
Figure 3.9 Comparison of damage evolution between experimental results and numerical 
simulations at different shear load, V: (a) GM1 specimen; and (b) GS2 specimen. 
(Dimensions in mm.) 
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Figure 3.10 Failure criterion along GFRP bar in 
GS beam at peak load. 
 
 
 
 
Figure 3.11 Evolution of bond stress along GM 
beam with increasing shear load, V. 
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Figure 3.12 Maximum principal stress contours in GS (top) and GM (bottom) specimens 
at their peak shear load. (Dimensions in mm.) 
 
 
 
 
 
 
 
 
 
Figure 3.13 Representative stress states and maximum principal 
stresses along critical crack in GM specimen. 
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CHAPTER 4  
INFLUENCE OF MAXIMUM AGGREGATE SIZE AND CONCRETE 
FRACTURE ENERGY ON SHEAR RESPONSE OF GFRP REINFORCED 
CONCRETE BEAMS WITHOUT STRIRRUPS
 
 
ABSTRACT 
 This chapter presents the effect of concrete fracture energy and maximum 
aggregate size on the response of glass FRP (GFRP) reinforced concrete (RC) beams 
without stirrups under four-point bending loading via numerical simulations. Two 
representative cases of GFRP-RC beams are considered: (1) a set of beams with similar 
geometry, and scaled maximum aggregate size, da; and (2) a set of scaled beams with 
constant da, with different concrete fracture energy values. These cases are peculiar 
because variation of the concrete fracture energy and maximum aggregate size change the 
response and the shear strength of the beams significantly. The computational model 
includes a lattice discrete particle model (LDPM), which considers the fracture and 
friction phenomena in concrete, and thus, enables one to reliably simulate the salient 
shear transfer mechanisms. Based on the results obtained, the selected fracture energy is 
recommended to lie within the lower bound of the recommended range in the literature. 
To avoid unrealistic failure mode and shear capacity results via LDPM-based 
simulations, it is also recommended to perform fracture tests along with the compression 
tests on concrete. 
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4.1 INTRODUCTION 
 There are instances of reinforced concrete (RC) members without stirrups, or 
with minimum shear reinforcement, in which it is difficult to predict shear capacity [1–3]. 
Representative examples of such structures include slab bridges, retaining walls, and 
seawalls [4] where the safety of the structural systems relies on the shear strength of such 
members. For these cases, common nominal shear strength algorithms [5–7] may lead to 
inaccurate estimations of shear capacity. The inaccuracies stem from the lack of a general 
agreement on a physically sound theory or a reliable model describing their response, 
such as deformations, crack patterns, and failure mode. 
 In RC members without stirrups and reinforced with either steel or corrosion-
resistant glass fiber reinforced polymer (GFRP) bars, shear forces are transferred through 
the uncracked concrete above the neutral axis, aggregate interlocking and tensile cohesive 
stresses along diagonal cracks, and dowel action applied by the flexural reinforcement 
[8]. Reduced shear strength of RC beams without stirrups at increased effective depth 
(i.e., size effect) is due to the decreased contributions of the uncracked concrete above, 
and aggregate interlocking along the critical shear crack (see chapter 2). The ratio of the 
fracture process zone (FPZ) of concrete, which is related to its fracture energy and 
maximum aggregate size [9], to the depth of the uncracked concrete ligament above the 
critical shear crack in larger members decreases, and results in a progressively less 
uniform compressive stress profile and reduced shear capacity [10]. Additionally, the 
transfer of cohesive tensile and shear stresses along the diagonal cracks (which occurs 
through aggregate interlocking mechanism) are also affected by the FPZ and maximum 
aggregate size of concrete [11].  
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 In this chapter, the Lattice Discrete Particle Model (LDPM) is enlisted for the 
numerical simulation of concrete. The LDPM is a meso-scale model that simulates the 
meso-structure of concrete by considering the aggregate particles and the mortar around 
them [13,14]. The constitutive laws of the LDPM incorporate tension-softening as well as 
shear-compression fracture behavior in concrete, which are crucial for realistic simulation 
of the associated shear resisting mechanisms and size effect. The computational LDPM-
based model herein includes: (1) a calibrated LDPM for concrete with reasonable fracture 
properties; (2) an appropriate model for the longitudinal reinforcements (orthotropic 
GFRP bars); and (3) a nonlinear bond-slip law for the GFRP bar-concrete interface. The 
presented model has demonstrated promising results in accurately simulating the shear 
behavior of slender GFRP RC beams without stirrups having an effective depth of 146-
883 (as demonstrated in chapters 2 and 3).  
 Here, the LDPM-based modeling is utilized to investigate the response of 
GFRP-RC beams which were load tested in four-point bending in two cases: (1) GS3 
beam, having effective depth, d, equal to 146 mm similar to the companion specimens 
GS1 and GS2 with similar geometry. In the GS3 beam, the maximum aggregate size is 
equal to 6.3 mm (scale 1:2) [3]; and (b) scaled GFRP RC beams without stirrups denoted 
as S series (as described in chapter 2), having effective depth in the range of 146-883 
mm, and a constant maximum aggregate size equal to 19.1 mm [1]. A concrete with 
higher fracture energy is enlisted for such beams and its effect on their response is 
investigated. 
 For the first case, the GS3 specimen has the same geometry and flexural 
reinforcement as the companion specimens GS1 and GS2. However, smaller maximum 
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aggregate size, da, influenced its response in shear in terms of strength and failure mode. 
In fact, diagonal tension failure occurred in the GS3 specimen, while flexural failure with 
rupture of the GFRP bar at a higher load was attained in the GS1 and GS2 beams as 
demonstrated in Figure 4.1. For the second case, the preliminary numerical results 
demonstrated that as the effective depth of the beams increases, the role of the uncracked 
concrete above the critical crack as the major shear transfer mechanism becomes more 
prominent. Since this mechanism is associated with the shear-compression fracture of 
concrete, the simulation results from previous chapters are compared to the results of the 
specimens using concrete with higher fracture energy. The objective of this paper is to 
investigate such effects through numerical simulation of the representative cases (i.e., 
GS3 and S series). The outcome of this research provides insight and recommendations 
for about the selection of reasonable concrete parameters suitable for simulating shear 
response. 
4.2 LOAD TESTS 
 The schematics of the four-point bending test setup and the cross sections of 
the specimens are illustrated in Figure 4.2. Table 4.1 summarizes the salient information 
including: length of the shear span, s; length of the constant moment region, m; 
anchorage length past the supports, ld; maximum aggregate size, da; concrete cylinder 
compressive strength, fc; average longitudinal elastic modulus, Ef, of the GFRP bars; 
effective reinforcement ratio, ρeff; theoretical shear force associated with flexural failure, 
Vb; experimental shear force at failure, Ve; and normalized shear strength, Ve/(bwdfc
0.5).  
 For the first case, all the specimens GS1, GS2, and GS3 have similar 
geometry and effective reinforcement ratio. However, even with higher fc, GS3 specimen 
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having d = 146 mm, and da = 6.3 mm demonstrated lower shear strength compared to 
companion specimens GS1 and GS2 having d = 146 mm, and da = 12.7 mm [3]. This 
evidence attests to the difficulty of predicting the shear behavior of such beams. For the 
second case, a strong size effect in the range of 50-65% is observed between the S6 series 
having d = 146 mm, compared to the S1 series having d = 883 mm. Here, numerical 
simulations are performed to investigate the influence of higher concrete fracture energy 
on the contribution and interplay of salient shear transfer mechanisms, and the size effect. 
4.3 COMPUTATIONAL MODEL 
 The components of the computation model for the numerical simulations of 
the four-point bending load-tests include: the LDPM for concrete; orthotropic GFRP bars 
elements with shear-tension failure envelope; and nonlinear bond-slip law for the GFRP 
bar and the adjacent concrete tetrahedron. The full description of the said components is 
provided in chapters 2 and 3. In this chapter, the calibration of the meso-scale LDPM 
parameters associated with the concrete fracture energy is discussed. 
4.3.1 Lattice Discrete Particle Model 
 The LDPM is meso-scale model that characterizes concrete behavior as a two-
phase material (aggregates and mortar) through a system of interacting particles which 
are randomly distributed within its volume [13]. Two sets of geometric and material 
parameters describe the response of LDPM for concrete. The salient geometric and 
material parameters of concrete models used in the beams specimens for numerical 
simulations are summarized in Table 4.2. The geometric parameters are calibrated based 
on the concrete mixture design from the load tested beams. The material parameters 
define the LDPM constitutive laws describing its linear and nonlinear response and are 
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obtained based on the concrete cylinder compressive strength, fc, results and literature 
[15]. 
 The fracture energy, GF, is one of the major parameters of concrete related to 
the fracture behavior, and it is defined as the amount of energy necessary to create a unit 
area of crack. GF is calculated by means of a fracture test such as three-point bending on 
notched beams according to RILEM standard specifications [12]. In most cases in 
practice, fracture tests are not performed in the same experimental campaign, and only 
compressive strength results are typically provided. For this reason, when numerically 
simulated, there may be a variability in the response of the concrete or RC beams in 
tension and shear-compression. To this end, the fracture energy of a concrete is estimated 
based on the available data in literature, which may cause variation in the response of the 
RC beams in shear. To this end, GF can be estimated based on the typical provided 
information on concrete (i.e., cylinder compressive strength, fc; maximum aggregate size, 
da; and water-cement ratio, w/c) by a formula proposed by Bažant and Becq-Giraudon 
[16]: 
     
0.46 0.22 0.3
02.5 0.051 1 11.27F c aG f d w c

          (4.1) 
where α0 is equal to 1 and 1.44 for rounded and crushed aggregates, respectively. The 
variations of concrete GF affect the FPZ width near the crack tip and the shear-
compression band in uncracked concrete above the critical shear crack. Thus, it may 
change the contribution as well as the interplay of the shear transfer mechanisms and 
potentially influence the shear strength and the size effect [9].  
 106 
 Among the LDPM meso-scale material parameters, tensile strength, σt and 
tensile characteristic length, lt, are the salient parameters that describe the fracture 
behavior of concrete. These parameters along with the inter-particle distance (related to 
the maximum aggregate size) affect the macroscopic tensile strength, f’t, and GF of 
concrete. In particular, by controlling the softening modulus in the facet stress-strain 
curves, σt and lt influence the FPZ size. σt and lt are calibrated through numerical 
modeling of three-point-bending (TPB) fracture tests on notched beams. 
 For the concrete used for the GS3 beam, having average fc = 46.8 MPa, w/c = 
0.4, and da = 6.3 mm, Equation 4.1 provides a range of 83-119 N/m for GF. Concrete 
models GS3-CM 1-5 are calibrated to include the range of acceptable GF values. 
Additionally, these calibrated models incorporate the effect of changing the minimum 
aggregate size, d0 by considering the range of 3-3.75 mm. Decreasing the value of d0 
from 3.75 mm to 3 mm increases the total volume ratio of the simulated aggregates from 
21% to 29%. For this reason, the concrete meso structure including the average distance 
between simulated aggregates changes, and thus, the concrete LDPM needs to be 
recalibrated to represent the behavior of concrete at a finer scale. It is noted that having 
the volume ratio lower than 20% could lead to sparse placement of the aggregates within 
the concrete, which results in generation of large tetrahedrons and unrealistic crack paths 
[14]. Selection of smaller d0 leads to a better resolution of the concrete mesostructure, but 
it also increases the computation cost of the simulations tremendously. Due to the high 
computational cost of the simulations (provided in the next section), representative 
models with similar fracture energy are only selected for limited cases (e.g., for GF ≈ 101 
N/m, GS3-CM2 with d0 = 3.75 mm, and GS3-CM4 with d0 = 3 mm). However, these 
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cases are proven to be sufficient since they cover the designated range of the fracture 
energy and minimum aggregate size to enable one to obtain meaningful conclusions from 
the results. 
 Among the LDPM meso-scale material parameters, tensile strength, σt and 
tensile characteristic length, lt, are the salient parameters that describe the fracture 
behavior of concrete. These parameters along with the inter-particle distance (related to 
the maximum aggregate size) affect the macroscopic tensile strength, f’t, and GF of 
concrete. In particular, by controlling the softening modulus in the facet stress-strain 
curves, σt and lt influence the FPZ size. σt and lt are calibrated through numerical 
modeling of three-point-bending (TPB) fracture tests on notched beams. These 
parameters are presented in Table 4.2 for each calibrated LDPM. 
 For the second case, with the S series specimens with fc ≈ 30 MPa and da = 
19.1 mm, the estimated value of GF through Equation 4.1 lies within the range of 72-103 
N/m. The previous calibrated concrete LDPM (i.e., S1-CM1) holds GF = 86 N/m 
representing a mean value of the recommended range. Here, the parameters of the 
calibrated model S1-CM2 are selected, so that the numerically calculated fracture 
energies would be in the upper bound (GF = 103 N/m). 
 Table 4.3 summarizes the numerical results on the uniaxial compressive 
strength, f’c, and fracture energy, GF, of the calibrated models.  It is noted that the stress-
strain curves obtained from the uniaxial compression tests on the concrete cylinders does 
not reflect the fracture properties of the concrete. This point is demonstrated in Figure 4.3 
where two representative concrete models GS3-CM1 and GS3-CM5, have similar stress-
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strain curves which lies within the experimental envelope. However, there is a significant 
difference in their load-midspan deflection response in the three-point bending (TPB) 
fracture tests. The presented comparison highlights the implications of this fundamental 
choice at this early stage of decision making towards the response of the RC beams in 
terms of shear strength and failure mode. It also points out the importance of 
characterizing the fracture behavior by performing fracture tests (e.g., TBP test) along 
with the compression tests to have a better understanding of the RC beam response, 
which is influenced by the fracture energy of concrete.  
4.3.2 Numerical Simulation of Load Tests 
 The nominated concrete models were implemented to the GFRP RC beam 
model for the numerical simulation of four-point bending load tests. An explicit dynamic 
simulation was used, in which the loading plate moved at the constant rate of 4 cm/s, 
indicating a displacement control procedure. The kinetic energy associated with the 
dynamic load effects was found to be less than 1% of the internal work, which indicated 
quasi-static loading conditions. The maximum time step was selected so that the 
convergence of the solutions was attained. OpenMP parallel simulations were executed 
through a commercially available code [17] in a high-performance computer node with 
12 threads (2.4 GHz Intel Xeon CPU, and 24 GB RAM). Table 4.4 summarizes the 
computational information for the executed numerical simulations including, the number 
of nodes and tetrahedrons, maximum time step, and the computational time.  
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4.4 RESULTS AND DISCUSSION 
4.4.1 Case 1: GS3 Specimen 
4.4.1.1 Shear strength and failure mode 
 Figure 4.4 and 4.5 present the comparison of the load-midspan deflection 
response, and the crack patterns at failure from the experiment and the numerical 
simulations for the GS3 beam, respectively. The numerical simulations overestimated the 
shear capacity of the GS3 beam by 22-41%. However, the simulation using GS3-CM5 
concrete model with a lower bound GF = 83 N/m resulted in a 24% decrease in the shear 
capacity compared to the simulation using the GS3-CM1 concrete model with a higher 
bound GF = 119 N/m. In addition, as demonstrated in Figure 4.5, using model GS3-CM3 
resulted in the simulation of failure in diagonal tension, while specimens using concrete 
models GS3-CM1 to GS3-CM4 failed in shear-compression with the evident formation 
of a compression strut connecting the loading plate and the supports. The failure mode 
and the associated shear strength of the models are mainly associated with the shear-
compression failure of the uncracked concrete above the critical crack. 
 Figure 4.6 illustrates the maximum principal stress contours in the GS3 beam 
models at their peak shear load. Here, the compressive (negative) principal stresses 
identify areas where shear forces are resisted, including the uncracked concrete above the 
neutral axis, the diagonal crack fronts where aggregate interlocking develops, and the 
GFRP bar around the cracked concrete where dowel action develops. Due the higher 
fracture energy of the concrete in the GS3-CM1 and GS3-CM4 models, inclined 
compression struts are formed within the shear span prior to failure, which increased their 
shear capacity. It is noted that shear-compression failure of unconfined concrete in occurs 
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with the generation of transverse tensile stresses which results in the formation of 
transverse cracks. For this reason, in the GS3-CM5 model with the lowest fracture 
energy, formation of such inclined compression strut in the shear span is preceded by the 
development and propagation of the critical shear crack into the uncracked concrete 
region above the neutral axis. 
 The variation of d0 from 3.75 m in GS3-CM2 model to 3 mm in GS3-CM4 
model, did not have a significant influence on the response of the beam in terms of crack 
patterns and shear capacity, since the meso-scale material parameters were adjusted so 
that the concrete exhibited similar GF. In fact, similar load-midspan deflections and crack 
patterns were obtained using such models using concrete having similar fracture energy. 
Therefore, LDPM concrete models can be utilized with about 20% of simulated volume 
ratio of the aggregates for the simulation of shear behavior of the RC beams, compared to 
28% of the said ratio, which saves 51% in the computational cost according to Table 4.4. 
 These results are significant, because they demonstrate the role of maximum 
aggregate size in determining the shear strength and failure mode of GFRP-RC beams 
without stirrups. In addition, the variation in the fracture energy of the concrete may also 
result in significant difference in the shear capacity and failure mode. These results, 
corroborate the previous statement about performing the fracture tests to gain insight 
about the fracture behavior of the concrete, since it may play a crucial part in the 
response of the RC specimens. 
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4.4.1.2 Shear transfer mechanisms 
 Table 4.5 summarizes the contribution of salient shear resisting mechanisms 
to the shear capacity based on the LDPM-based simulations. The contribution of the 
uncracked concrete ligament above the critical shear crack is calculated through 
multiplication of average shear stress to its area. Dowel action is the product of shear 
forces created in the GFRP bar and its cross section at the critical shear crack 
intersection. The rest of the shear load is transferred along the critical crack through 
aggregate interlock mechanism. Based on the calculations, shear forces are resisted 
primarily by the uncracked concrete subject to combined compression and shear stresses 
above the critical shear crack. Here, the shear force transmitted by such mechanism, Vc, is 
more affected by the change in the fracture properties of concrete compared to the shear 
forces transferred through aggregate interlocking mechanism, Vag. In fact, contributions 
of Vc and Vag to the shear capacity decreased by 0.038 MPa
0.5 (27%) and 0.007 MPa0.5 
(17%), respectively, when concrete model GS3-CM5 was considered in lieu of GS3-
CM1.This is due to the effect of the fracture parameters on the FPZ width which 
influences the inherent strut-and-tie mechanism in the uncracked concrete in the shear 
span subjected to shear-compression stresses. As a result, the concrete model having the 
lower-bound fracture energy facilitates diagonal tension failure, while concrete mode 
with higher fracture energy contributes to resisting the mentioned failure mode and 
instead, shear-compression failure occurs. 
 In contrast with the GS3 specimen, the shear capacity of the GS1 and GS2 
specimens are associated with the flexural capacity of the beams as presented in Table 
4.1. This level of the load bearing capacity of such beams are attributed to the increase in 
 112 
both Vc and Vag. In the GS3 specimen, together with the reduced contribution of Vc, 
significant decrease is also observed in the contribution of Vag due to the smaller 
aggregate size which contributed to the reduced shear capacity of the GS3 specimen. In 
fact, according to the results in Table 4.5, the normalized contribution of Vc and Vag to the 
shear capacity in the GS1-2 specimens is 0.048 MPa0.5 (32%), and 0.028 MPa0.5 (46%) 
more than the GS3 specimen using GS3-CM5 model, respectively. These results 
highlight the importance of the maximum aggregate size selection in the response of the 
beams (that is usually neglected in scaling up the structure size) leading to smaller d/da 
ratio, which might contribute to unsafe designs in large RC beams without stirrups or 
with minimum shear reinforcements. 
4.4.2 Case 2: S Series Beams 
4.4.2.1 Strength and failure mode 
 Cognizant of the influence of the concrete fracture energy in the GS3 beam, it 
is also significant to see that effect on the large sized specimen (the S1 beams) having 
effective depth, d = 883 mm. As previously mentioned, the fracture energy of the 
candidate concrete model was increased from 86 N/m for the S1-CM1 model to 103 N/m 
for the S1-CM2 model. Figure 4.7 presents the comparison of the load-midspan 
deflection response using S1-CM2 concrete model versus the experiments [1] and S1-
CM1 model. Experimental and numerical crack patterns at failure, maximum principal 
stress contours at the peak shear load, together with the axial stress, σxx, profile in the 
uncracked concrete ligament above the critical shear crack for the S1 beams are 
demonstrated in Figure 4.8. 
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 The numerical simulations using S1-CM2 concrete model, which has similar 
f’c and 14% increase in GF (which is still in the acceptable range) resulted in 45% 
increase in the shear capacity. Comparison of the crack patterns at failure and the 
compressive principal stress contours at the shear spans between the two simulation 
results underlines the change in the failure mode of the S1 beam using S1-CM2 concrete 
model. In fact, as demonstrated in Figure 4.8c, the formation of the inclined compression 
strut, together with the axial stress equal to 30 MPa (which means concrete has reached 
its f’c) leads to the shear-compression failure of the S1 beam using S1-CM2 concrete 
model, while diagonal tension failure was attained using S1-CM1 model. 
 Figure 4.9 and 4.10 present the response of the S6 and S3 beams including 
load-midspan deflection results, together with the numerical simulations results on the 
crack patterns at failure, and the maximum principal stress contours at the peak load, 
respectively. In the S6 and S3 beams, similar failure modes were attained using both 
concrete models S1-CM1 and S1-CM2. In particular for the S6 beam, shear compression 
failure mode with 13% increase in normalized shear strength was attained at a load near 
that associated with flexural failure. Diagonal tension failure occurred in the S3 beam 
with 22% increase in the normalized shear strength. Based on the presented results, it is 
concluded that the influence of concrete fracture energy to the shear strength of GFRP-
RC beams without stirrups increases in larger beams.  
4.4.2.2 Shear transfer mechanisms 
 Table 4.6 summarizes the contribution of each major shear transfer 
mechanism to the shear capacity of the beams for the LDPM-based modeling approach 
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reported herein. The increase in the contributions of Vc and Vag to the normalized shear 
strength in the S6 beams by using S1-CM2 concrete model instead of S1-CM1 model 
were 0.02 MPa0.5 (12%), and 0.011 MPa0.5 (15%), respectively. For the S3 beams, such 
values were 0.016 MPa0.5 (18%), and 0.011 MPa0.5 (26%). It is noted that, different form 
the S1 beams, the relative increase in the shear capacity in the S6 and S3 beams was due 
to the even contribution of the Vc and Vag. However, for the S1 beam, the contribution of 
Vc to the normalized shear strength was increased by 0.059 MPa
0.5 (48%) using S1-CM2 
model for the concrete, which was the salient contributor to the increased shear capacity. 
This result is attributed to the effect of higher concrete fracture energy which increases 
the concrete strength under shear-compression stresses.  
 The comparison of the normalize shear strength results using S1-CM2 
concrete model in Table 4.6 indicate that the shear capacity of the beams become more 
sensitive with respect to concrete fracture energy, which highlights the importance of 
selecting a reasonable fracture energy for accurate predictions of the shear behavior 
irrespective of size. According to the results presented herein, upper bounds of the 
estimated GF values fictitiously increase the shear capacity of the beams and change the 
failure mode in the large structures where the majority of the shear crack is resisted by 
the uncracked concrete above the critical shear crack in shear-compression. In general, it 
is recommended to report fracture energy, compressive strength, and maximum aggregate 
size, so that an accurate concrete LDPM is calibrated and validated to produce reliable 
estimations of shear strength and failure mode.  
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4.5 CONCLUSIONS 
 LDPM-based numerical models were considered to simulate the response of 
GFRP-RC beams under four-point bending loading in two cases: (1) GS3 beam with 
similar geometry of the GS1-2 beams [3], but with smaller da; and (2) the S series beams, 
having effective depth in the range of 146-883 mm, simulated with concrete with higher 
fracture energy. The following conclusions are drawn: 
1. Having information on the fracture properties and maximum aggregate size 
of the concrete is crucial to accurately estimating the shear strength of the 
beams via LDPM-based numerical simulations. Unless there is evidence of 
the concrete fracture energy is available, LDPMs having upper bound values 
of GF are recommended to be avoided for numerical simulations, since they 
might contribute to unrealistic estimation of the shear strength and failure 
mode. Maximum aggregate size, da, also plays a significant role in the shear 
transfer mechanisms: by affecting the FPZ size it changes the compressive 
stress profile of uncracked concrete above the critical shear crack; and 
determines the roughness of the critical shear crack and thus controls the 
aggregate interlock contribution to the shear capacity. 
2- Decreasing the minimum aggregate size for the concrete LDPM does not 
have a significant influence of the shear response of the GFRP RC beams 
without stirrups, as long as the material parameters are recalibrated so that 
the concrete model yields to a similar fracture energy. 
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3- Transferred shear through the uncracked concrete above the critical shear 
crack is impacted the most by the change in fracture energy; for this reason, 
larger structures or specifically beams with higher d/da ratios are affected 
more by this parameter. 
4- Information on the stress-strain results for concrete obtained from the 
uniaxial compressive tests does not reflect its fracture response. For this 
reason, it is recommended to perform fracture tests (such as TBP test) on the 
concrete samples along with compression tests to obtain information on the 
fracture properties of concrete. 
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Tables: 
Table 4.1 Test matrix and experimental shear force at failure 
Specimen 
d 
[mm] 
bw 
[mm] 
m 
[mm] 
ld 
[mm] 
s 
[mm 
da 
[mm] 
Ef 
[GPa] 
ρeff 
[%] 
fc [MPa] 
Vb  
[kN] 
Ve 
[kN]  
e
w c
V
b d f
 
[ MPa ] 
Case 1 
GS1 
146 229 305 610 457 
12.7 
49.3 0.15 
41.1 43.8 44.2 0.207 
GS2 40.8 43.7 46.0 0.216 
GS3 6.35 46.8 45.9 25.2 0.110 
Case 2 
S6-0.12-2A 
146 229 305 610 457 19.1 43.2 0.13 
32.1 48.5 36.9 0.195 
S6-0.12-3A 32.1 48.5 26.3 0.139 
S3-0.12-1A 
292 114 305 610 914 19.1 43.2 0.13 
32.1 48.5 19.2 0.102 
S3-0.12-2A 32.1 48.5 17.9 0.095 
S1-0.12-1A 
883 457 1829 914 2743 19.1 41.0 0.12 
29.5 348 154 0.070 
S1-0.12-2B 29.6 353 151 0.069 
1
1
9
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Table 4.2 Salient LDPM meso-scale parameters 
Parameter 
Case 1 Case 2 
GS1-
CM 
GS3-
CM1 
GS3-
CM2 
GS3-
CM3 
GS3-
CM4 
GS3-
CM5 
S1-
CM1 
S1-
CM2 
E0 [GPa] 40 45 45 45 45 45 36 36 
α [-] 0.24 0.24 0.24 0.24 0.24 0.24 0.24 0.24 
σt [MPa] 3.6 3.8 3.75 3.7 3.7 3.4 2.8 3.1 
σs/σt 4.2 3.7 4 4.1 3.6 4.2 4.7 3.85 
lt [mm] 180 220 180 160 180 160 170 230 
μ0 [-] 0.2 0.3 0.3 0.3 0.3 0.4 0.2 0.2 
da [mm] 12.7 6.3 6.3 6.3 6.3 6.3 19.1 19.1 
w/c [-] 0.4 0.4 0.4 0.4 0.4 0.4 19.1 19.1 
ηF [-] 0.45 0.45 0.45 0.45 0.45 0.45 0.45 0.45 
d0 [mm] 6 3.75 3.75 3.5 3 3.5 11 11 
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Table 4.3 Values of macroscopic mechanical properties of calibrated 
concrete models. 
Symbol 
Case 1 Case 2 
GS1
-CM 
GS3-
CM1 
GS3-
CM2 
GS3-
CM3 
GS3-
CM4 
GS3-
CM5 
S1-
CM1 
S1-
CM2 
f’c [MPa] 40.4 46.7 45.3 44.4 45.5 45.4 29.6 29.5 
GF [N/m] 93 119 101 92 102 83 86 103 
 
 
Table 4.4 Computational information for GFRP-RC beams simulations. 
Specimen Model 
Number 
of nodes 
Number of 
tetrahedrons 
Maximum 
time step [ms] 
Computation 
time [hours] 
Case 1 
GS3 GS3-CM1 166,761 971,218 0.0005 552 
GS3 GS3-CM2 166,761 971,218 0.0005 492 
GS3 GS3-CM3 205,763 1,207,892 0.0004 708 
GS3 GS3-CM4 320,692 1,909,903 0.0003 1,408 
GS3 GS3-CM5 205,763 1,207,892 0.0004 692 
Case 2 
S6 S1-CM1 31,728 165,771 0.001 152 
S6 S1-CM2 31,728 165,771 0.001 144 
S3 S1-CM1 42,539 217,391 0.001 172 
S3 S1-CM2 42,539 217,391 0.001 168 
S1 S1-CM1 441,098 2,627,875 0.001 5,040 
S1 S1-CM2 441,098 2,627,875 0.001 8,620 
 
 122 
Table 4.5 Numerical results on contribution of shear transfer mechanisms at peak shear load in GS3 beam load 
tests 
Specimen 
Concrete 
model 
LDPM
w c
V
b d f
 
[ MPa ] 
Uncracked concrete Aggregate interlock Dowel action 
Portion of 
shear 
capacity 
[%] 
Contribution 
to 
LDPM
w c
V
b d f
  
[ MPa ] 
Portion of 
shear 
capacity 
[%] 
Contribution 
to LDPM
w c
V
b d f
  
[ MPa ] 
Portion of 
shear 
capacity 
[%] 
Contribution 
to 
LDPM
w c
V
b d f
 
 [ MPa ] 
GS1-2 GS1-CM 0.219 68 0.149 28 0.061 4 0.009 
GS3 
GS3-CM1 0.187 74 0.139 21 0.040 5 0.008 
GS3-CM2 0.169 73 0.123 21 0.036 6 0.010 
GS3-CM3 0.174 76 0.133 19 0.032 5 0.009 
GS3-CM4 0.171 76 0.130 19 0.033 5 0.008 
GS3-CM5 0.143 71 0.101 23 0.033 6 0.009 
 
  
1
2
2
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Table 4.6 Numerical results for contribution of shear transfer mechanisms at peak load for S beams 
Specimen 
Concrete 
model 
LDPM
w c
V
b d f
 [ MPa ] 
Uncracked concrete Aggregate interlock Dowel action 
Portion of 
shear 
capacity 
[%] 
Contribution 
to 
LDPM
w c
V
b d f
  
[ MPa ] 
Portion of 
shear 
capacity 
[%] 
Contribution 
to 
LDPM
w c
V
b d f
  
[ MPa ] 
Portion of 
shear 
capacity 
[%] 
Contribution 
to 
LDPM
w c
V
b d f
  
[ MPa ] 
S6 beams 
(d = 146 mm) 
S1-CM1 0.217 68 0.147 28 0.061 4 0.009 
S1-CM2 0.249 67 0.167 29 0.072 4 0.010 
S3 beams 
(d = 292 mm) 
S1-CM1 0.107 68 0.073 29 0.031 3 0.003 
S1-CM2 0.136 65 0.089 31 0.042 4 0.005 
S1 beams 
(d = 883 mm) 
S1-CM1 0.076 86 0.065 10 0.008 4 0.003 
S1-CM2 0.138 90 0.124 8 0.011 2 0.003 
 
1
2
3
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Figures: 
 
(a) 
 
 
(b) 
Figure 4.1 Experimental results on GS1-3 specimens: (a) load-midspan deflection 
curves; and (b) photographs of specimens after failure (inset shows rupture of 
GFRP bar in GS2 beam). 
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Figure 4.2 Four-point bending test setup and cross sections of associated GFRP 
RC specimens. (Dimensions in mm.) 
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      (a) 
 
      (b) 
Figure 4.3 Numerical simulation results for 
GS3-CM1 and GS3-CM5 models: (a) stress-
strain curves from compression tests (markers 
point out compressive strength of tested 
cylinders); and (b) load-midspan deflection 
curves from TPB fracture tests. 
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Figure 4.4 Load-midspan deflection results for GS3 specimen. 
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Figure 4.5 Crack patterns at failure from experiment 
(top) and numerical simulations. 
  
≤ 0.01 ≥ 2
Crack opening [mm]
GS3-CM1
GS3-CM2
GS3-CM3
GS3-CM4
GS3-CM5
Shear-compression 
cracks
Shear-compression 
cracks
Diagonal tension 
crack
 129 
 
 
Figure 4.6 Maximum principal compressive stress 
contours in GS3 beams at peak shear load. 
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Figure 4.7 Load-midspan deflection results for S1 specimens 
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(a) 
 
(b) 
 
(c) 
Figure 4.8 Response of S1 beams: (a) experimental crack patterns at failure; 
Numerical crack patterns at failure, maximum principal stress contour at peak load, 
and axial stress profile in uncracked concrete ligament above critical crack using 
concrete models: (b) S1-CM1; and (c) S1-CM2.  
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       (a) 
 
         (b) 
 
Figure 4.9 Response of S6 beams: (a) load-midspan 
deflection results; numerical simulation response for 
(b) crack patterns at failure; and (b) maximum 
principal stress contour at peak shear load. 
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       (a) 
 
         (b) 
 
Figure 4.10 Response of S3 beams: (a) load-midspan 
deflection results; numerical simulation response for 
(b) crack patterns at failure; and (b) maximum 
principal stress contour at peak shear load. 
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CHAPTER 5 
CONCLUSIONS AND FUTURE WORK
 
 
 Numerical simulations of slender GFRP-RC beams without stirrups subject to 
four-point bending loading were performed in two instances: (i) effective depth in the 
range 146-883 mm, representing small to large sized beams, presented in chapter 2; and 
(ii) effective depth in the range 146-292 mm, representing small to medium sized beams, 
presented in chapter 3. Throughout chapters 2-4, the influence of aggregate size is also 
investigated. The model included a calibrated and validated concrete LDPM, an 
orthotropic GFRP bar material model, and an experimentally validated nonlinear bond-
slip law for GFRP bar-concrete interfaces. The following conclusions are drawn. 
1. The proposed calibration procedure to obtain the meso-scale LDPM parameters is 
effectively capturing the concrete response. In fact, realistic responses of concrete 
in terms of stress-strain curves, crack patterns, and failure mode was obtained 
through numerical simulations of unconfined compression tests compared to the 
experimental results. 
2. For both cases including: (1) the S series specimens (presented in chapter 2); and 
(2) the GS and GM beams (presented in chapter 3), for which existing nominal 
strength algorithms may yield overconservative estimates, the LDPM-based 
simulations accurately predicted the load-midspan deflection, crack pattern, and 
failure load irrespective of the beam size.  
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3. The LDPM-based simulations reliably captured the failure mode and the 
associated size effect on the shear strength of slender GFRP-RC beams without 
stirrups. In fact, shear-flexural failure in the GS1-2 and S6 specimens and 
diagonal tension failure in the GM, S3, and S1 specimens were accurately 
predicted as well.  
4. The application of the nonlinear bond-slip law allowed realistic transfer of the 
bond stress along the GFRP bar-concrete interface and thus, contributed to the 
correct shear strength predictions. 
5. The computational framework showed promising improvement in the 
understanding the shear transfer mechanisms by capturing the resisted shear 
forces through the uncracked concrete above the critical (shear) crack, aggregate 
interlocking, and the dowel action exerted by the flexural reinforcement. Based on 
the numerical simulation results, it was concluded that the transferred shear forces 
through uncracked concrete above the critical shear crack, and along such crack 
(i.e., aggregate interlock) contribute to the shear capacity and the size effect. The 
uncracked concrete is the predominant mechanism for providing the beam 
strength. 
However, in the small and medium sized beams (i.e., GS1-2, S6, GM, and S3 
specimens), aggregate interlocking along the critical shear crack provided 
significant contribution to the size effect. Dowel action provided a negligible 
contribution to the shear strength and the size effect. 
6. Variations of the concrete fracture energy and maximum aggregate size in the 
concrete used in the GFRP-RC beams without stirrups, have a significant impact 
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in their response in four-point bending loading, and may change the failure mode. 
This is due to their influence in the fracture process zone size, which affects the 
axial and shear stress contour in the uncracked concrete above the critical crack. 
Additionally, smaller aggregate size leads to decreased transmitted shear force 
through aggregate interlocking and reduces the shear capacity of the beams. This 
was the case in the GS3 beam (as discussed in Chapter 4) with smaller maximum 
aggregate size, which failed in diagonal tension, compared to the GS1-2 
specimens with similar geometry, where shear-flexural failure occurred. 
7. In the LDPM-based models, decreasing the minimum aggregate size for the 
concrete LDPM does not have a significant influence of the shear response of the 
GFRP RC beams without stirrups, as long as the material parameters are 
recalibrated so that the concrete model yields to a similar fracture energy. 
8. In the material level, information on the stress-strain results for concrete obtained 
from the uniaxial compressive tests does not clearly reflect the fracture response. 
For this reason, it is recommended to perform fracture tests (such as TBP test) on 
the concrete samples along with compression tests to obtain information on the 
fracture properties of concrete. Additionally, for the cases where the fracture 
properties of the concrete are not available, it is recommended that to select the 
lower bound to median values of the fracture energy obtained from the available 
range in the literature for the calibrated concrete LDPM to avoid unrealistic 
response and shear capacity. 
9. The outcome of this research highlights that this modeling strategy, where the 
concrete LDPM reflects the material heterogeneity and incorporates constitutive 
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laws describing fracture and frictional behaviors, is effective in faithfully 
simulating the response of RC beams without stirrups and size effect and help 
researchers to advance the knowledge of the contribution of the major shear 
transfer mechanisms and their interplay, and improve the current standard codes 
and design algorithms. For this purpose, following a comprehensive study on the 
simulations of RC beams with and without stirrups, with various beam depths, 
shear span-to-effective depth ratios, and reinforcement ratios need to be 
performed to develop a nominal shear strength algorithm. 
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APPENDIX A 
LATTICE DISCRETE PARTICLE MODELING OF SHEAR FAILURE IN 
SCALED GFRP REINFORCED CONCRETE BEAMS WITHOUT 
STIRRUPS1
                                                     
1 By: Sina Khodaie, Fabio Matta, Mohammed Alnaggar. Proceedings of 9th International 
Conference on Fracture Mechanics of Concrete and Concrete Structures (FRaMCoS-9), 
Berkeley, CA, USA, May 29- June 2, 2016. 
 139 
ABSTRACT 
 This paper discusses the calibration of a concrete lattice discrete particle 
model (LDPM), and its preliminary validation for the case of shear failure in scaled glass 
fiber reinforced polymer (GFRP) reinforced concrete (RC) beams without stirrups. First, 
the model parameters were defined based on: (a) the design of the concrete mixture that 
was used to fabricate scaled beam specimens; and (b) a literature database of meso-scale 
concrete parameters. Second, the calibration was refined to reach satisfactory agreement 
between numerical and experimental compression stress-strain curves as obtained by 
testing concrete cylinders in accordance with ASTM C469. The calibrated model was 
then used for the numerical simulation of four-point bending load tests on two slender 
GFRP RC beams without stirrups, and having an effective depth of 146 and 292 mm, 
respectively. The beam computational models are discussed vis-à-vis experimental data 
based with respect to elastic response, post-cracking stiffness degradation and damage 
progression, ultimate strength, and failure mode. The proposed model accurately 
approximates the pre- and post-cracking flexural stiffness, and holds promise to predict 
the shear strength of scaled GFRP RC slender beams without stirrups, provided that a 
suitable rebar-concrete bond stress-slip law is implemented. 
A.1 INTRODUCTION 
 It is widely accepted that different shear mechanisms contribute to the 
shear strength of reinforced concrete (RC) beams [1]. In RC beams without stirrups and 
reinforced with either steel or corrosion-resistant glass fiber reinforced polymer (GFRP) 
bars, shear forces are resisted by the uncracked concrete above the neutral axis, through 
aggregate interlocking and tensile cohesive stresses along diagonal cracks, and dowel 
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action exerted by the flexural reinforcement. When using a similar amount of GFRP bars 
instead of steel bars as flexural reinforcement, a reduced shear strength is attained due to 
the markedly lower (i.e., resin-dominated) axial stiffness and shear strength of the bars 
[2]. To this end, ACI 440.1R-15 [3], provides guidance to estimate the nominal shear 
strength of GFRP RC beams under the assumption that shear forces are resisted primarily 
through the uncracked concrete above the neutral axis. The decrease in the shear strength 
of GFRP RC beams without shear reinforcement at increasing effective depths has been 
documented in the literature, and is exacerbated because of the lower stiffness of GFRP 
with respect to steel bars [2,4,5]. 
 Bentz et al. [5] presented an analytical approach based on the Modified 
Compression Field Theory (MCFT) [6], which allows to effectively estimate the shear 
strength of steel and FRP RC beams with different depths [7]. Here, aggregate interlock 
is assumed as the primary shear-resisting mechanism, and the maximum shear stress is a 
function of concrete compressive strength, maximum aggregate size, and crack width. In 
particular, size effect is attributed to the formation of wider cracks, with reduced 
contributions of aggregate interlocking to shear strength [8]. 
 Bažant et al. [9] explained this size effect based on the ratio of the fracture 
process zone (FPZ) length to the depth of the uncracked concrete ligament above the 
critical shear crack, along which shear-compression and cohesive stresses are transferred. 
As the beam depth decreases, the size of the FPZ approaches that of the ligament, 
resulting in a nearly uniform compression stress distribution at failure. For larger sizes, 
because of the fixed length of the FPZ, such ratio decreases, resulting in a progressively 
less uniform compressive stress profile and reduced sectional shear stress at failure [10]. 
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 To date, the physical explanation of size effect remains controversial. In 
addition, no mainstream numerical tools are available to practitioners and researchers for 
predicting shear strength in scaled RC beams, and advancing the understanding of the 
associated shear-resisting mechanisms. Continuum based models (e.g., smeared-crack 
[11], plastic-damage [12]) have been implemented in commercial finite element (FE) 
codes to simulate concrete fracture. However, a notable limitation is that results are 
mesh-sensitive. The extended FE method (XFEM) [13] was introduced to overcome 
mesh sensitivity and stress singularities at crack tips. Other continuum based methods 
such as cohesive crack [11] and crack band models [14] have been also introduced to 
simulate the FPZ in concrete. Meso-scale models enable one to directly simulate the 
concrete meso-structure and FPZ, which is necessary for the realistic simulation of 
fracture phenomena in concrete. These models use FEs [15], discrete elements [16] or 
lattice systems [17–19] as the interface between aggregate particles. 
 The Lattice Discrete Particle Model (LDPM) [20,21] is a meso-scale 
model for concrete that has the ability to realistically simulate the concrete inelastic 
behavior, including fracture. The LDPM tension-softening constitutive law is based on 
the cohesive crack model, which allows LDPM to capture energetic size effects. Also, the 
discrete formulation with long-range interaction combined with a shear-frictional 
constitutive law allows to simulate aggregate interlocking. The LDPM is currently 
implemented in the Modeling and Analysis of the Response of Structures (MARS) 
software [22]. Since its nodes include both displacement and rotational degrees of 
freedom, the LDPM in MARS can be conveniently implemented in conjunction with 
continuum FEs. MARS has a library of different FE formulations such as 3D, shell and 
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beam elements that are suitable to model concrete reinforcement as well as loading plates 
and supports. Constraints and different types of contact algorithms are also available to 
model contact interfaces between concrete and reinforcement, loading plates and 
supports, enabling the simulation of shear force transfer through dowel action. 
 The potential of LDPM to accurately and realistically simulate shear-
resisting mechanisms in deep and slender steel-RC beams has been recently demonstrated 
[23–25]. In this paper, the LDPM parameters are calibrated and validated through 
experimental and literature-based data. Then, the model is used to simulate the response 
of four scaled GFRP RC beams that are loaded using four-point bending setups. The 
simulation results are discussed based on supporting evidence from load tests that were 
performed on actual physical specimens [4]. 
A.2 COMPUTATIONAL MODELS FOR GFRP RC BEAMS 
 This section presents the computational models for concrete and GFRP 
bars that are used herein. 
A.2.1 Lattice Discrete Particle Model 
 The Lattice Discrete Particle Model (LDPM) is a meso-scale model for 
concrete that considers aggregate particles and mortar as its geometric representation. It 
simulates the mechanical interaction of the adjacent particles by means of polyhedral 
cells that interact through triangular facets (Figure 1), and a lattice system connecting the 
particle centers. 
 LDPM uses rigid body kinematics to describe the deformation of the 
lattice-particle system and the displacement jump, ⟦uC⟧, at the centroid of each facet. 
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Strain measures are eN = n
T⟦uC⟧/𝓁, eL = lT⟦uC⟧/𝓁, and eM = mT⟦uC⟧/𝓁, where 𝓁 = inter-
particle distance, and n, l, and m are the unit vectors that define the local reference 
system of each facet (Figure A.1). 
 The behavior of the material is governed by a vectorial constitutive law at 
the centroid of each facet. Under elastic deformations, normal and shear stresses are 
assumed to be proportional to the associated strains, i.e., tN = EN eN, tM = ET eM, and tL = 
ET eL, where EN = E0, ET = αE0 (E0 = normal modulus, α = shear-normal coupling 
parameter). For the inelastic behavior of concrete, LDPM represents three mechanisms: 
(1) fracture and cohesion for tensile and tensile-shear stresses; (2) compaction and pore 
collapse for confining compressive stresses; and (3) friction for compressive-shear 
stresses. The constitutive laws of LDPM inelastic behavior are reported elsewhere [20]. 
Finally, the dynamic equilibrium equation of each particle completes the set of governing 
equations for the LDPM. 
A.2.2 GFRP Material Model 
 GFRP is a composite material that exhibits a linear elastic behavior in 
tension until failure. It has a relatively higher tensile strength than conventional steel bars 
but its elastic and shear modulus are significantly lower (EGFRP ≈ 0.2Esteel, GGFRP ≈ 
0.1Gsteel). For a GFRP bar subject to axial and shear stresses (σ, τ), the selected failure 
criterion is given as (σ/σu)2 + (τ/τu)2 = 1, where σu is the uniaxial tensile strength, and τu is 
the shear strength [26]. While this failure criterion is not implemented in MARS [22], it 
is herein applied in the post-processing phase using bar axial and shear force history 
output data. 
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 The bar elements in MARS follow Reissner’s theory [27], which 
contemplates a stiffness multiplier for the transverse direction. This allows the shear 
stiffness factor GGFRP/Gsteel ≈ 0.1 to be accounted for, thereby more faithfully simulating 
shear stresses and deformations in the GFRP reinforcement. 
A.3 CALIBRATION OF LDPM PARAMETERS 
 LDPM is characterized by two sets of parameters. The first set defines the 
geometry of the concrete meso-structure, and is defined primarily from information on 
the mix design. The second set defines the constitutive laws, which approximate the 
elastic and inelastic response at the potential failure surfaces in the meso-structure, which 
are referred to as “facets”. The inelastic response of facets includes fracture in tension 
and shear, pore collapse and compaction, and friction. When concrete specimens subject 
to uniaxial compression are not also subject to confining pressures, the meso-scale 
parameters associated with compaction and pore collapse behavior have a negligible 
effect on the stress-strain response [21]. For this reason, these parameters are neglected 
herein. Ideally, a rigorous calibration of LDPM material parameters for fracture and shear 
response requires the numerical fitting of load-displacement curves from unconfined 
compression tests (ASTM C469) and fracture tests such as splitting tensile strength 
(ASTM C496), modulus of rupture (ASTM C78), three-point bending, and direct tension 
tests. However, in most cases, these tests are not performed in the same experimental 
campaign, and only compressive strength results are typically provided. Therefore, in this 
paper, it is demonstrated how to use data from literature and standard codes to define 
reasonable values for the parameters needed. It is noted that reduced data sets for 
calibration may result in over-determinate problems, which can yield multiple possible 
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combinations of parameter values for a given limited data set. To this end, the availability 
of different experimental data from concrete characterization tests (e.g., ASTM C39 or, 
less frequently, ASTM C469) may be sufficient to select accurate parameters. 
 In this section, the available data for parameter identification are provided. 
Then, the candidate model and related calibration procedure are presented. 
A.3.1 Uniaxial Compression Stress-strain Data 
 In this paper, the available data for the calibration of LDPM parameters 
consist of: (1) information on the concrete mix design; and (2) stress-strain curves from 
uniaxial compression tests on 30 unconfined 101-by-203 mm cylinders, which were 
performed in conformance with ASTM C469. Here, the compressive load is applied in 
force-control mode until the load steadily decreases and the specimen exhibits a distinct 
fracture pattern. Low-friction pads are inserted between the cylinder surfaces and the 
loading platens to minimize lateral confinement. The dominant fracture pattern is 
columnar vertical cracking through both ends of the specimen, without well-formed 
cones. In Figure 2, the envelope of stress-strain diagrams is presented, together with 
representative curves and peak compressive stress markers. The average cylinder 
compressive strength is 40.3 MPa, with a standard deviation of 2.3 MPa. 
A.3.2 Calibrated Model 
 The geometric and material parameters of LDPM are summarized in Table 
A.1 and Table A.2, respectively, and are discussed in the following sub-sections. The 
representative uniaxial compression stress-strain curve of the simulated concrete using 
these parameters is illustrated in Figure A.3. 
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 The compressive strength of this calibrated model is 39.7 MPa. The 
parameters that are not discussed herein are explained in reference [20], and are selected 
to be similar to concrete models with compressive strengths of about 40 MPa (from [21]). 
A.3.3 Geometric Parameters 
 The geometric parameters of LDPM define the size distribution, number, 
and position of the aggregate particles within the concrete volume. The aggregate 
particles are randomly placed from the largest particle to a predefined cut-off (smallest) 
particle size using a randomly distributed positioning try-reject algorithm [20]. The 
statistical representation of the concrete meso-structure is achieved by generating a 
particle population based on the aggregate size distribution. Thus, random positioning of 
aggregates in each simulation could change the position of the fracture onset, and affect 
the crack paths in the concrete. The generation algorithm creates samples that have 
average response and variances that lie within the experimental data [21]. 
 Related parameters, which can be obtained directly from the concrete mix 
design, include (Table 1): (1) cement mass content, c; (2) water-to-cement ratio, w/c; (3) 
aggregate-to-cement ratio, a/c; (4) Fuller coefficient, ηF; and (5) maximum aggregate 
size, da. In addition, the minimum aggregate size, d0, specifies the resolution of the model 
and needs to be defined by the user. Selecting a smaller value for d0 increases the number 
and the direction of the possible crack paths in the meso-structure, making it possible to 
generate finer crack paths, but it does so by dramatically increasing computational costs. 
Modifying the minimum aggregate size changes the scale of the simulation and, 
consequently, the constitutive laws. Therefore, LDPM parameters should be recalibrated 
for the comprehension of a finer scale. It is recommended that the selection of the 
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minimum aggregate size be such that at least 30% of the aggregate mass is simulated 
[21]. 
 In this paper, the selection of the concrete parameters is based on the mix design 
used for actual GFRP RC beams without stirrups [4], which were designed to fail in shear 
and load tested under four-point bending. The six parameters are reported in Table A.1. 
A.3.4 Material Parameters 
 The procedure for calibrating the material parameters consists of: (1) determining 
the related macroscopic parameters and the effect of each meso-scale parameter on the 
stress-strain curve; (2) assigning a reasonable range for each meso-scale parameter based 
on values available from the literature; and (3) selecting candidate values based on a 
parametric analysis of the effect of each meso-scale parameter on the compression stress-
strain response of concrete cylinders. 
A.3.4.1 Elastic behavior 
 The two meso-scale parameters that describe the elastic response of LDPM 
are normal modulus, E0, and shear-normal coupling parameter, α. E0 controls the normal 
stiffness, and α is the multiplier for the shear stiffness of the facets. These parameters are 
linked to macroscopic parameters of concrete, i.e., Young’s modulus, Ec, and Poisson’s 
ratio, υ [20]. The elastic part of the stress-strain curve in Figure A.2 provides information 
for determining E0. Based on the range for the elastic modulus in Figure A.2, 34-48 GPa 
is taken as a representative range for E0, and a value of 40 GPa is selected for the 
candidate model. The typical value for the Poisson’s ratio in normal-weight concrete is 
0.18 [28], which correlates well with the selected value of 0.24 for α. 
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A.3.4.2 Fracture behavior in pure tension 
 The two meso-scale parameters that govern the fracture and softening 
behavior of the facets are tensile strength, σt, and tensile characteristic length, lt. σt 
describes the maximum tensile stress in the facets in pure tension. It is comparable to the 
value of the macroscopic strength acquired from splitting tensile tests, f't [29]. The ACI 
318 code [30] suggests a range of 3.2 MPa to 4 MPa for f't, for the compressive strength 
range in Figure A.2. Also, σt directly affects the compressive strength of concrete as 
splitting mechanisms contribute to failure, due to the meso-scale strut-and-tie 
mechanisms of load distribution within the concrete meso-structure. 
The parametric study of the effect of σt on the uniaxial compression stress-
strain response vis-à-vis the experimental envelope in Figure A.2 is presented in Figure 
A.4. The black curve represents the reference model. Increasing σt results in higher 
compressive strength (as expected) and delays post-peak softening. Numerical 
simulations of concrete cylinder splitting suggest that σt = 3.6 MPa yields a suitable 
correlation between f't and σt. 
The tensile characteristic length, lt, governs the tensile softening modulus of 
the facets. This parameter is related to the meso-scale fracture energy, Gt [20]. Gt is 
found to be equivalent to the initial fracture energy, Gf, which is size independent [29] as 
it is the fracture energy related to the onset of the cracking, and can be considered as a 
material property. Instead, the total fracture energy, GF, is the fracture energy required for 
the cracking to propagate through the specimen, and thus it is size dependent and tends to 
increase as the size of the specimen increases [29]. However, based on statistical analysis 
on a large experimental dataset, GF ≈ 2.5 Gf [31]. Typically, the literature [32–34] reports 
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GF from three-point bending (TPB) tests, and suggests 60-150 N/m as a reasonable range. 
The results of numerical TPB tests conducted on notched beams in accordance to RILEM 
[35] suggest that using the range 100-400 mm for lt results in the numerical GF to lie 
within the suggested range. The parametric study in Figure A.5 illustrates the effect of lt 
on the compressive strength and post-peak softening behavior. As a result, a value of 180 
mm is selected for lt. 
A.3.4.3 Fracture behavior in shear-tension  
 The meso-scale parameters that govern the interaction between shear and 
tensile behavior of the facets are the shear strength ratio, σs /σt, and the softening 
exponent, nt. 
 The parameter nt modifies the softening of facets in tension in presence of 
shear stresses. The macroscopic effect of this parameter is the change in post-peak slope 
of the compression stress-strain curve. This parameter also has a minor effect on the 
concrete compressive strength and, based on the available literature [21], its value is set 
to 0.2. The parameter σs/σt defines the ratio of the shear to tensile strength of the facets. It 
greatly influences the strength limit of the facets when tensile and shear stresses are 
present as the strength limit of the facets is proportional to (σs/σt)2 [20]. Therefore, this 
parameter has a major influence on the concrete compressive strength. As illustrated in 
Figure A.6, variations in the value of σs/σt significantly affect compressive strength, with 
negligible consequences on the pre- and post-peak slope of the stress-strain curve. 
 Here, a reasonable strategy to calibrate this parameter is to first determine the 
parameters that define the fracture properties, and then adjust this parameter to obtain the 
desired compressive strength. For the purpose of this study, a value of 4.2 was selected. 
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A.3.4.4 Frictional behavior 
 Among the parameters describing the frictional behavior of the facets (i.e., 
shear boundary parameters), the initial friction coefficient, μ0, has the most effect in the 
compressive strength of the concrete. The effect of this parameter on the tensile and 
fracture response of concrete is minimal.  However, in presence of compressive forces, 
this parameter contributes to increasing the shear strength of the facets. For normal-
weight concrete, a suitable value for this parameter is 0.2 [21]. 
A.3.5 Summary of Calibration 
 The reference calibrated LDPM model is selected based on the procedure 
described in the previous sections. Salient parameters are listed in Table A.1 and Table 
A.2. Figure A.7 shows representative experimental and simulated crack patterns for the 
calibrated model. 
A.4 SIMULATION OF LOAD TESTS ON GFRP RC BEAMS 
 The calibrated concrete LDPM model was used to simulate the response of 
scaled GFRP RC beams that were previously load-tested in four-point bending [4], as 
presented in this section. 
A.4.1 Test Setup and Materials 
 The experiments consisted of four-point bending tests on four GFRP RC 
beams without shear reinforcement [4]. The specimen geometry and test setup are 
summarized in Figure A.8 and Table A.3. 
 The specimens with effective depth of 146 mm and 292 mm are denoted as 
GS1 and GS2, and GM1 and GM2, respectively. The longitudinal elastic modulus and 
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shear modulus of the GFRP bars were 49.3 GPa and 7.39 GPa, respectively. Their mean 
ultimate tensile strength, σu, and shear strength, τu, were 784.6 MPa and 204.1 MPa, 
respectively. The concrete used to fabricate the beams is described in Table A.1 and 
Figure A.2, and is modeled as described in Section A.3.2. 
A.4.2 LDPM Simulations 
 In the LDPM simulation, the GFRP RC beam is connected to the steel loading 
plate and the supports in the contact areas as depicted in Figure A.9. 
 The interaction model between concrete and loading plate, and concrete and 
supports, is defined by a node-surface stiffness-based penalty contact algorithm [22]. The 
rebar nodes are connected to the adjacent concrete tetrahedrons using an elastic spring 
penalty algorithm to model perfect bond. The intent is to study whether modeling a 
perfect bond suffices to simulate shear behavior or a more realistic bond model needs to 
be implemented. 
 An explicit dynamic displacement-control loading procedure was used. The 
load was imparted at a constant velocity of 3 cm/s. The ratio of the kinetic energy to the 
internal work during the simulation was less than 0.01 indicating minimal inertial effects. 
The maximum time step of the simulation depends on the material properties and the 
length of the model components. A value of 0.0005 ms was selected for the maximum 
time step to ensure the convergence of the solution. 
A.5 RESULTS AND DISCUSSION 
 Table A.4 summarizes the experimental shear force at failure, Ve, the 
theoretical shear force associated with flexural failure, Vb, and the nominal shear strength, 
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Vn, based on ACI 440 [3] and ACI 446 [2,36] and the simulated shear strength of GS and 
GM specimens. 
 It is noted that specimens GS1 and GS2 did not fail in shear despite being 
designed to do so [4]. Instead, they failed near a loading section at a load in excess of the 
theoretical flexural strength associated with rupture of the GFRP bar (43.8 kN in Table 
A.4), possibly due to significant aggregate interlocking contribution to shear strength. 
These results were not predicted through the ACI 440 [3] and ACI 446 [2,36] algorithms, 
further highlighting the importance of an effective modeling tool. Specimens GM1 and 
GM2 failed in shear at a load well below that associated with flexural failure. Both 
specimens suffered from size effect despite the relatively small effective depth [2,4] and 
their strength was accurately predicted through the ACI 446 algorithm [2,36]. 
 Figure A.10 and Figure A.11 present the experimental and numerical load-
midspan displacement curves for the GS and GM specimens, respectively. 
 For all specimens, the simulated results effectively approximate the elastic 
and post-cracking flexural stiffness, and the cracking load. For the GS specimens, it 
appears that the strength is accurately predicted through the proposed model (Table A.4 
and Figure A.10), which undergoes a mixed shear-flexural failure, with rupture of the 
GFRP bar. 
 For the GM specimens, the proposed model largely overestimates the ultimate 
strength (Table A.4 and Figure A.11). However, further analysis of the simulation results 
suggests that this overestimation stems from the assumption of perfect bond between the 
GFRP bar and the surrounding concrete. In fact, in the simulated model, critical shear 
cracks were fully formed at a shear force V = 16 kN, as shown in Figure A.12. At this 
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stage, it is reasonable to expect an imminent failure. It is hypothesized that modeling a 
perfect GFRP bar-concrete bond led to an unrealistic behavior, which is highlighted by 
the formation of large diagonal cracks that are distributed along the GFRP bar along both 
shear spans. This is illustrated in Figure A.12 for V = 35 kN. 
 This hypothesis is corroborated by examining the GFRP bar-concrete bond 
(shear) stress along the length of the bar, as presented in Figure A.13. Here, the red bar 
indicates a realistic bond strength range [37]. It is noted that unrealistic bond stresses are 
generated in the model as critical shear cracks form at V = 16 kN. As the shear load 
reaches a value of 25 kN, unrealistically high bond stresses are produced along the shear 
spans (i.e., bar slip affects the entire shear spans). Therefore, V = 16 kN and 25 kN are 
herein considered as a reasonable lower and upper bound for the shear strength of the 
GM specimens, respectively. Further research is ongoing to test this hypothesis by 
introducing suitable bond stress-slip laws in the model. 
 Figure A.14 shows the bond stress along the length of the GFRP bar in the GS 
specimens for V = 20 kN and 40 kN. Different from the simulation results for the GM 
specimens (Figure A.13), bond stresses exceeding the realistic strength range consistent 
with the literature [37] are attained at relatively high shear loads, and are not uniformly 
distributed along the shear spans. Instead, the bond stress peaks are attained in the 
vicinity of the supports, past which the beam specimens were built accounting for a 
conservative bar anchorage (development) length, ld = 610 mm (Table A.3 and Figure 
A.8). Under these conditions, it is reasonable to expect some local redistribution of the 
bond forces along the shear spans. Therefore, while the introduction of a suitable bond 
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stress-slip law in the model may result in a more faithful simulation, the reduction in 
shear force at failure is not expected to be as significant as for the GM specimens. 
A.6 CONCLUSIONS 
 Geometric and material model parameters of LDPM were calibrated based on 
the stress-strain response of concrete cylinders that were tested under uniaxial 
compression, and analysis of a literature database of meso-scale concrete parameters. The 
calibrated model was then used to simulate the behavior of scaled GFRP RC beams 
without stirrups built using such concrete. These beams were designed to fail in shear, 
and were load tested in four-point bending. The results of the numerical simulations show 
that the proposed model accurately approximates the pre- and post-cracking load-
midspan displacement response. However, the model fails to accurately predict the shear 
force at failure for the larger beams, which experienced diagonal shear failure. The 
analysis of the simulated bond stress along the length of the GFRP reinforcement 
suggests that the problem of inaccurate strength predictions may be resolved by 
implementing a suitable rebar-concrete bond stress-slip law in the LDPM model. Follow-
on research to test this hypothesis is ongoing, including simulations on GFRP as well as 
steel RC slender beams for which detailed experimental results are available to the 
authors. 
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Tables: 
Table A.1 LDPM geometric parameters 
Cement mass content [kg/m3] c 508.5 
Water-to-cement ratio w/c 0.4 
Aggregate-to-cement ratio a/c 5.2 
Maximum aggregate size [mm] da 12.7 
Fuller coefficient  nF 0.48 
Minimum aggregate size [mm] d0 6 
 
Table A.2 LDPM material parameters 
Normal modulus [GPa] E0 40 
Shear-normal coupling parameter α 0.24 
Shear strength ratio σs/σt 4.2 
Tensile strength [MPa] σt 3.6 
Tensile characteristic length [mm] lt 180 
Softening exponent nt 0.2 
Initial friction μ0 0.2 
Asymptotic friction μ∞ 0 
Transitional stress [MPa] σN0 600 
Compressive strength [MPa] σc0 100 
Densification ratio Ed 1 
Initial hardening modulus ratio Hc0/E0 0.4 
Volumetric deviatoric coupling β 0 
Transitional strain ratio κc0 2 
Deviatoric strain threshold ratio κc1 1 
Deviatoric damage parameter κc2 5 
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Table A.3 Specimen geometry for the tests 
  GS1, GS2 GM1, GM2 
bw [mm] 229 114 
d [mm] 146 292 
s [mm] 457 914 
s/d 3.1 3.1 
m [mm] 305 305 
ld [mm] 610 610 
 
 
Table A.4 Experimental and predicted shear strength  
Specimen 
Ve 
[kN] 
[4] 
Vb 
[kN] 
[4] 
Vn [kN] 
VLDPM 
[kN] 
ACI 
440 
[3] 
ACI 
446 
[36] 
GS1 44.2 
43.8 11.5 20.7 49.3 
GS2 46 
GM1 22.7 43.7 11.4 17.3 36.7 
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Figures: 
 
Figure A.1 LDPM cell around aggregate particle [23]. 
 
 
Figure A.2 Uniaxial compression stress-strain 
response of concrete cylinders. 
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Figure A.3 Uniaxial compression stress-strain 
curve for calibrated concrete LDPM. 
 
 
 
 
 
Figure A.4 Compression stress-strain response of 
LDPM model as function of facet tensile 
strength, σt. 
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Figure A.5 Compression stress-strain response of 
LDPM model as function of tensile characteristic 
length, lt. 
 
 
 
 
 
Figure A.6 Compression stress-strain response of 
LDPM model as function of shear strength ratio, 
σs /σt. 
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Figure A.7 Typical fracture pattern for 
compression test in experiment and LDPM 
simulation. 
 
 
 
 
 
Figure A.8 Schematic of test setup. 
 
 
 
 
 
 
Figure A.9 Schematics of simulated model. 
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Figure A.10 Experimental and simulated load-
displacement response of GS specimens. 
 
 
 
 
 
Figure A.11 Experimental and simulated load-
displacement response of GM specimens. 
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Figure A.12 Simulation results of crack patterns in 
GM specimen for shear loads of 16 kN and 35 kN 
 
 
 
 
 
 
 
 
Figure A.13 Bond stress along bar in GM 
specimens. 
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Figure A.14 Bond stress along bar in GS 
specimens 
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APPENDIX B 
BOND-SLIP LAW BETWEEN GFRP BARS AND CONCRETE
 
 
 This section explains the background on the selection of parameters for the 
nonlinear bond-slip law between the GFRP reinforcement and the adjacent concrete. The 
characteristics of bond stress-slip model depends on frictional and bearing bond 
mechanisms. These bond mechanisms are affected by many parameters, such as diameter 
and the surface treatment of the bar, the geometry of a concrete member, the placement 
of the bar in the member cross section, the cover splitting, the order of bond-crack 
appearance, the formation of the crack pattern of ultimate failure, the bond-stress 
distribution along the anchorage length, and the confinement caused by concrete and the 
surrounding reinforcement [1]. The curve fitting of experimental data is generally used to 
develop the analytical bond-slip laws for steel and FRP bars. The modified BPE model 
[2], as shown in Figure B.1, is selected here, which is suitable for interaction between 
GFRP bars and concrete. The bond stress, τb, vs slip, δs, curve is described as 
  
0.25
,
                         0 1 mm
1 2.6 1       1 mm 2.5 mm
                               2.5 mm
b s u s
b s u s
b b r s
      

        

    
                                                   (B.1) 
Table B.1 summarizes the available information on the bond-slip properties form the 
experiments including test type (B and P indicating beam test and pull-out test, 
respectively); bar diameter, db; bond strength, τu; slip at bond strength, sm; concrete 
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compressive strength, fc; and embedment length of the bar, ld. Based on the presented 
data a bond-slip envelope together with the selected bond-slip curve is demonstrated in 
Figure B.2. The selection of the nominated bond-slip curve is affected by the type of the 
bond test (i.e., beam test or pull-out test), concrete compressive strength, and the bar 
diameter. For this reason, the bond-slip curves as well as the bond strength values that are 
relevant to the performed four-point bending load tests [3,4] are presented in Figure B.3.  
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Tables: 
Table B.1 Experimental results on GFRP bar-concrete bond properties  
Reference Spec. ID 
Test 
type 
db      
(mm) 
 τu       
(MPa) 
sm      
(mm) 
f'c      
(MPa) 
ld     
(mm) 
[5] 
46B3T1 B 19 11.7 1.6 28 57 
46B3B1 B 19 14.6 1.3 28 57 
46B6B2 B 19 10.1 0.7 28 114 
46B6T2 B 19 8.3 1.2 28 114 
46B12B2 B 19 5.2 0.9 39 228 
46B12T2 B 19 4.8 1.5 39 228 
46B16B4 B 19 5.0 1.5 39 304 
46B16T4 B 19 4.7 1.7 39 304 
49B4B1 B 28 12.0 1.2 28 112 
49B4B2 B 28 14.0 1.4 28 112 
49B8B2 B 28 9.5 1.4 28 224 
83B6B4 B 10 9.3 0.5 49 57 
83B6T4 B 10 8.1 0.6 49 57 
83B8B6 B 10 6.1 0.9 49 76 
83B8T6 B 10 7.0 0.5 49 76 
46PB6 P 19 11.6 1.0 32 114 
46PM6 P 19 9.8 1.3 32 114 
46PT6 P 19 9.4 1.2 32 114 
86PB12 P 19 6.6 1.2 46 228 
86PM12 P 19 6.1 2.2 46 228 
86PT12 P 19 5.8 2.5 46 228 
[6] 
— B 13 10.6 1.0 31 127 
— B 16 7.3 1.2 31 159 
— B 19 6.6 — 31 191 
— B 25 6.4 2.0 31 254 
[7] 
— P 13 15.0 2.0 31 63 
— P 13 11.1 2.2 31 125 
— P 16 12.5 1.5 31 75 
— P 16 11.4 1.9 31 150 
— P 19 15.1 2.2 31 90 
— P 19 12.2 1.5 31 180 
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 Table B.1 Experimental results on GFRP bar-concrete bond properties (continued) 
Reference Spec. ID 
Test 
type 
db      
(mm) 
 τu       
(MPa) 
sm      
(mm) 
f'c      
(MPa) 
ld     
(mm) 
[8] 
Asl12np-1 P 13 7.9 1.2 29 44 
Asl12np-2 P 13 7.8 0.8 29 44 
Asl12np-3 P 13 8.2 1.0 29 44 
Asl12p-1 P 13 7 8.6 29 44 
Asl12p-2 P 13 6.7 4.9 29 44 
Asl12p-3 P 13 7.9 1.9 29 44 
Asl16np-1 P 16 8.5 0.4 29 56 
Asl16np-2 P 16 8.3 0.4 29 56 
Asl16np-3 P 16 8.4 0.4 29 56 
Asl19np-1 P 19 7.4 0.8 29 67 
Asl19np-2 P 19 7.4 1.8 29 67 
Asl19np-3 P 19 8.1 2.1 29 67 
Asl19p-1 P 19 8 8.0 29 67 
Asl19p-2 P 19 7.3 4.9 29 67 
Asl19p-3 P 19 7.2 1.6 29 67 
CPP12np-1 P 13 9.1 0.2 29 44 
CPP12np-2 P 13 9.2 0.4 29 44 
CPP12np-3 P 13 10.4 0.3 29 44 
CPP12p-1 P 13 10 1.2 29 44 
CPP12p-2 P 13 6.9 1.5 29 44 
CPP12p-3 P 13 7.4 0.3 29 44 
CPP16np-1 P 16 6.8 0.3 29 56 
CPP16np-2 P 16 7.5 0.6 29 56 
CPP16np-3 P 16 6.8 1.1 29 56 
CPP19np-1 P 19 7.8 0.6 29 67 
CPP19np-2 P 19 8.3 0.3 29 67 
CPP19np-3 P 19 7.1 0.4 29 67 
CPP19p-1 P 19 6.7 0.8 29 67 
CPP19p-2 P 19 6.6 3.6 29 67 
CPP19p-3 P 19 6.3 — 29 67 
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Table B.1 Experimental results on GFRP bar-concrete bond properties (continued) 
Reference Spec. ID 
Test 
type 
db      
(mm) 
 τu       
(MPa) 
sm      
(mm) 
f'c      
(MPa) 
ld     
(mm) 
[9] 
— B 13 11.3 0.5 31 76 
— B 16 10.6 0.6 31 95 
— B 19 7.1 0.3 31 115 
— B 25 7.0 0.5 31 152 
[10] 
— P — 13.2 — — — 
— P — 12.0 — — — 
— P — 8.5 — — — 
— P — 8.1 — — — 
— P — 11.3 — — — 
— P — 12.2 — — — 
[11] 
Type B 
P 19 5.4 2.5 29 67 
P 19 8.3 0.8 29 67 
P 19 8.9 2.5 29 67 
P 19 9.4 1.8 29 67 
P 19 14.3 1.5 29 67 
Type C 
P 19 3.4 2.0 29 67 
P 19 7.5 2.0 29 67 
P 19 10.4 2.0 29 67 
P 19 12.1 2.0 29 67 
P 19 13.5 2.5 29 67 
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Figures: 
 
 
Figure B.1 Bond-slip law 
 
 
Figure B.2 Experimental envelope and 
adopted bond-slip law 
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Figure B.3 Relevant bond-slip curves and 
bond strength values to load tests 
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APPENDIX C 
REPRESENTATIVE INPUT FILES FOR NUMERICAL SIMULATION 
OF FOUR-POINT BENDING LOAD TESTS 
 
 The LDPM-based numerical model is currently implemented in the Modeling 
and Analysis of the Response of Structures (MARS), developed by ES3 Inc.. In this 
research, the OpenMP numerical simulations through MARS were executed on a high-
performance computer node with 12 threads, with 2.4 GHz Intel Xeon CPU, and 24 GB 
RAM. This section includes two sub-sections: (1) input file for creation of specimen 
geometry and concrete LDPM tetrahedrons; and (2) numerical simulation of the four-
point bending test. It is noted that the presented files are based on the 2017.06.27 version 
of MARS. 
C.1 GEOMETRY INPUT FILE 
 Figure C.1 presents the representative input file for the creation of the 
concrete beam for the GS3 specimen. The geometry input file consists information from 
the concrete mix design to create the size distribution of the simulated aggregates and 
their coordinates within the concrete volume. Next, the geometry of the concrete beam is 
provided and using Tetgen, the concrete discretization is performed and LDPM 
tetrahedrons are created. The output of this file includes a file containing the nodes 
(representing aggregates, face, and edge nodes) and their connectivity matrix. 
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C.2 BEAM SIMUATION INPUT FILE 
 The simulation input file includes: (1) the control parameters (Figure C.2) 
indicating the simulation time, and the maximum time step; (2) definition of GFRP 
material as well as the bond-slip law parameters (Figure C.3); (3) reading the concrete 
LDPM and assigning the values for the meso-scale material parameters (Figure C.4); (4) 
definition of GFRP bar elements and their contact model with adjacent concrete (Figure 
C.5); (5) representative definition of pinned supports (Figure C.6); (6) definition of the 
loading plate and assigning contact areas for four-point bending loading (Figure C.7); (7) 
definition of displacement control loading with assigning a constant velocity of 2m/s for 
the loading plate in GS3 specimen load test simulations (Figure C.8); (8) time-history 
outputs for the reaction at the supports, midspan deflection, and energy quantities 
including kinetic energy and internal work (Figure C.9); and (9) graphical output using 
Paraview Software for displacements, stress contours, and crack openings (Figure C.10). 
C.3 FAILURE MODELING OF GFRP BAR ELEMENTS 
 During the numerical simulations, the output files for the axial and shear 
forces along the GFRP bars are created. Figure C.11 demonstrates the MATLAB input 
file for reading the output and generating the bond stress values accordingly. Failure of 
each GFRP bar element is controlled based on the Tsai-Hill failure criterion during every 
time step as shown in Figure C.12. If the failure in the GFRP bar is identified, the LDPM-
based simulation stops since the shear-flexural failure in the GFRP bar is preceded.   
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Figure C.1 MARS input file for GS3 specimen geometry and concrete LDPM 
tetrahedrons 
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Figure C.2 Control parameters of simulation 
 181 
 
Figure C.3 GFRP material and bond-slip curve characteristics 
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Figure C.4 Assigning material properties to concrete LDPM 
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Figure C.5 Definition of GFRP bars and their contact model with concrete (f refers 
to shear stiffness multiplier for GFRP bars) 
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Figure C.6 Definition of pinned supports 
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Figure C.7 Definition of loading plate 
 186 
 
Figure C.8 Definition of displacement control loading 
 
 
 
Figure C.9 Time-history outputs for reaction at supports, midspan deflection, and energy 
quantities 
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Figure C.10 Graphical output for displacements, stress tensors, and crack 
openings 
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Figure C.11 MATLAB input file for reading axial and shear stress of GFRP bars and 
assigning bond stress 
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Figure C.12 MATLAB input file for assigning failure in GFRP bar elements during 
simulation based on Tsai-Hill failure criterion 
 
 190 
APPENDIX D 
EXPERIMENTAL RESULTS ON CONCRETE FRACTURE ENERGY
 
 This section presents the results from three-point bending fracture tests 
performed on concrete prisms. Table D.1 presents salient information on such tests 
including: compressive strength, fc; tensile splitting strength, f’t; water-cement ratio, w/c; 
maximum aggregate size, da; and total fracture energy, GF. Figure 3.6 presents the 
distribution of fracture energy extracted from such data. Additionally, one can filter a 
specific range of concrete compressive strength and maximum aggregate size to obtain a 
more relevant range for the concrete fracture energy. Equation 2.1 provides a reasonable 
value for fracture energy of concrete. Since the LDPM considers spherical shape for the 
aggregate particles, it is recommended that value of α0 = 1 (equivalent of round 
aggregates) to be considered. However, performing a concrete fracture test along with 
standard compression test is the most reliable way to determine the fracture properties of 
the concrete. When closed loop testing apparatus is not available for determining the 
softening portion of the response of fracture test, it is recommended that splitting tensile 
strength (ASTM C469) or modulus of rupture (ASTM C78) tests to be performed. 
Numerical simulation of such tests and comparison of their result to the experiments 
facilitates determination of the LDPM meso-scale fracture parameters (i.e., σt and lt). 
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Table D.1 Three-point bending fracture test results from literature  
Reference 
f'c    
(MPa) 
f't   
(MPa) 
w/c 
da          
(mm) 
GF       
(N/m) 
[1] 
49.5 3.55 0.48 10 58 
45.9 3.11 0.48 12.5 74 
46.6 3.15 0.48 20 91 
43.5 2.62 0.48 12.5 84 
47.4 3.11 0.48 20 93 
44.3 2.91 0.48 10 74 
48.8 3.48 0.48 12.5 100 
52.4 3.46 0.48 20 116 
46.6 2.98 0.48 12.5 141 
53.5 3.59 0.48 20 106 
48.9 3.23 0.48 20 119 
[2] 
129 10.3 0.3 16 191 
120 9 0.3 16 146 
114 9 0.3 16 163 
121 8 0.3 16 164 
126 9.5 0.3 16 170 
124  0.3 16 147 
84 8 0.4 16 199 
86 6.1 0.4 16 144 
82 7.7 0.4 16 163 
93 7.6 0.4 16 170 
93 7.2 0.4 16 201 
90  0.4 16 129 
55 5.4 0.55 16 133 
55 7 0.55 16 128 
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Table D.1 Three-point bending fracture test results from literature 
(continued) 
Reference 
f'c    
(MPa) 
f't   
(MPa) 
w/c 
da          
(mm) 
GF       
(N/m) 
[2] 
58 6.3 0.55 16 193 
57 7 0.55 16 130 
57 6.4 0.55 16 152 
56  0.55 16 128 
126 10.5 0.3 16 161 
131 10.6 0.3 16 139 
121 10.8 0.3 16 192 
129 10.8 0.3 16 174 
135 10.2 0.3 16 160 
128  0.3 16 176 
104 7.8 0.4 16 161 
104 7.2 0.4 16 154 
102 7.9 0.4 16 144 
96 7.9 0.4 16 145 
104 8.1 0.4 16 154 
101  0.4 16 163 
[3] 
   16 93 
   16 113 
  0.48 20 94 
  0.48 20 88 
  0.47 10 65 
  0.47 10 69 
  0.47 10 70 
  0.58 30 87 
  0.58 30 110 
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Table D.1 Three-point bending fracture test results from literature 
(continued) 
Reference 
f'c    
(MPa) 
f't   
(MPa) 
w/c 
da          
(mm) 
GF       
(N/m) 
[3] 
  0.58 30 150 
  0.45 30 170 
  0.45 30 210 
  0.45 30 250 
  0.45 30 320 
  0.45 30 270 
  0.45 30 270 
  0.5 16 141 
  0.4 16 175 
  0.4 16 161 
  0.6 25 92 
  0.58 20 124 
  0.38 13 82 
  0.38 13 83 
  0.38 13 115 
 3 0.59 16 179 
 3 0.59 16 133 
 3 0.59 16 184 
 2.1 0.5 13 113 
 2.1 0.5 13 133 
 2.1 0.5 13 113 
 2.1 0.5 13 156 
 2.1 0.5 13 176 
 2.1 0.5 13 170 
 2.1 0.5 13 174 
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Table D.1 Three-point bending fracture test results from literature 
(continued) 
Reference 
f'c    
(MPa) 
f't   
(MPa) 
w/c 
da          
(mm) 
GF       
(N/m) 
[3] 
 3.14 0.45 30 112 
 2.43 0.58 30 81 
 3.32 0.5 8 85 
 3.04 0.5 3 62 
 3.55 0.4 3 79 
 4.1 0.4 8 78 
 3.81 0.58 30 105 
 4.27 0.48 30 120 
 4.41 0.4 30 146 
 2.96 0.48 9.5 99 
 2.34 0.58 9.5 109 
 1.93 0.68 9.5 101 
 3.79 0.4 19 188 
 2.45 0.48 19 200 
 2.27 0.48 19 193 
 3.37 0.4 19 152 
 2.34 0.48 19 168 
 2.9 0.5 8 113 
 4 0.34 8 143 
 4.2 0.35 1 94 
 6.3 0.35 3 127 
 6 0.35 6 155 
 4 0.4 25 112 
  0.63 16 91 
  0.63 16 98 
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Table D.1 Three-point bending fracture test results from literature 
(continued) 
Reference 
f'c    
(MPa) 
f't   
(MPa) 
w/c 
da          
(mm) 
GF       
(N/m) 
[3] 
  0.63 16 118 
  0.45 16 114 
  0.45 16 112 
  0.45 16 114 
  0.42 16 113 
  0.42 16 144 
  0.42 16 135 
  0.47 16 65 
  0.47 16 58 
  0.47 10 66 
  0.47 10 70 
  0.48 20 90 
  0.48 20 86 
  0.48 20 89 
  0.48 20 99 
  0.58 30 98 
  0.58 30 121 
  0.58 30 163 
  0.4 30 130 
  0.4 30 167 
  0.4 30 198 
  0.48 20 77 
  0.48 20 105 
  0.48 20 94 
  0.35 20 102 
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Table D.1 Three-point bending fracture test results from literature 
(continued) 
Reference 
f'c    
(MPa) 
f't   
(MPa) 
w/c 
da          
(mm) 
GF       
(N/m) 
[3] 
  0.35 20 160 
  0.35 20 150 
  0.33 20 174 
  0.33 20 218 
  0.33 20 221 
  0.48 9.5 113 
  0.47 9.5 151 
  0.58 9.5 101 
  0.58 9.5 149 
  0.68 9.5 95 
  0.4 8 111 
  0.4 8 112 
  0.4 8 143 
  0.8 8 165 
  0.8 8 122 
  0.8 8 113 
  0.54 12 123 
  0.54 12 91 
  0.54 32 139 
  0.54 32 64 
  0.54 32 147 
  0.54 20 53 
  0.54 20 122 
  0.54 20 132 
  0.54 20 137 
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Table D.1 Three-point bending fracture test results from literature 
(continued) 
Reference 
f'c    
(MPa) 
f't   
(MPa) 
w/c 
da          
(mm) 
GF       
(N/m) 
[4] 
29 3.1 0.6 10 72 
29 3.1 0.6 10 80 
29 3.1 0.6 10 86 
29 3.1 0.6 10 71 
29 3.1 0.6 10 76 
29 3.1 0.6 10 72 
29 3.1 0.6 10 83 
29 3.1 0.6 10 75 
29 3.1 0.6 10 68 
29 3.1 0.6 10 84 
29 3.1 0.6 10 80 
29 3.1 0.6 10 81 
58 4.2 0.4 10 85 
58 4.2 0.4 10 69 
58 4.2 0.4 10 86 
58 4.2 0.4 10 75 
58 4.2 0.4 10 59 
58 4.2 0.4 10 77 
58 4.2 0.4 10 61 
58 4.2 0.4 10 63 
58 4.2 0.4 10 45 
58 4.2 0.4 10 44 
58 4.2 0.4 10 77 
58 4.2 0.4 10 82 
58 4.2 0.4 10 72 
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Table D.1 Three-point bending fracture test results from literature 
(continued) 
Reference 
f'c    
(MPa) 
f't   
(MPa) 
w/c 
da          
(mm) 
GF       
(N/m) 
[4] 
33.1 3.5 0.55 10 60 
33.1 3.5 0.55 10 85 
33.1 3.5 0.55 10 90 
33.1 3.5 0.55 10 91 
33.1 3.5 0.55 10 92 
48.5  0.38 13 81 
48.5  0.38 13 83 
48.5  0.38 13 115 
44.3  0.5 5 63 
42.1  0.5 10 63 
39.9  0.5 10 73 
39.9  0.5 10 77 
39.9  0.5 10 95 
39.9  0.5 10 65 
44.3  0.5 2 61 
42.1  0.5 5 72 
39.9  0.5 10 80 
39.9  0.5 14 97 
39.9  0.5 14 74 
39.9  0.5 14 82 
37.6  0.5 14 95 
37.6  0.5 20 64 
37.6  0.5 20 84 
37.6  0.5 20 94 
38.5  0.5 20 106 
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Table D.1 Three-point bending fracture test results from literature 
(continued) 
Reference 
f'c    
(MPa) 
f't   
(MPa) 
w/c 
da          
(mm) 
GF       
(N/m) 
[4] 
38.5  0.5 20 78 
34.2  0.55 20 70 
28  0.6 20 57 
23.8  0.65 20 47 
41.3  0.5 20 101 
35.8  0.55 20 88 
30.2  0.6 20 76 
25  0.65 20 59 
38.5  0.5 20 70 
38.5  0.5 20 77 
38.5  0.5 20 85 
38.5  0.5 20 79 
38.5  0.5 20 96 
38.5  0.5 20 103 
38.5  0.5 20 111 
  0.6 8 94.1 
  0.6 8 110 
  0.6 8 101 
  0.6 8 125 
  0.6 8 87.5 
  0.6 8 96.2 
53.6  0.5 12 100 
43.9  0.5 12 106 
59.8  0.5 12 104 
39.8  0.5 12 104 
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Table D.1 Three-point bending fracture test results from literature 
(continued) 
Reference 
f'c    
(MPa) 
f't   
(MPa) 
w/c 
da          
(mm) 
GF       
(N/m) 
[4] 
48.2 4.46 0.56 10 67.7 
82.7 6.25 0.45 10 57.6 
117 7.69 0.24 10 53.8 
 3.4 0.5 12.7 80.6 
 3.25 0.5 12.7 101 
 3.7 0.5 12.7 89.8 
 4 0.5 12.7 107 
 3.4 0.5 12.7 111 
 4 0.5 12.7 96.4 
 4.5 0.5 12.7 113 
20.7  0.5 9.5 61.3 
31.9  0.5 9.5 85.8 
36.6  0.5 9.5 89.4 
42  0.5 9.5 98.1 
44.6  0.5 9.5 103 
20.7  0.5 9.5 61.3 
31.9  0.5 9.5 84.1 
40.1  0.5 9.5 92.9 
42  0.5 9.5 92.9 
44.6  0.5 9.5 98.1 
3.01  0.5 9.5 35 
20.7  0.5 9.5 57.8 
31.9  0.5 9.5 82.3 
39.3  0.5 9.5 89.4 
42  0.5 9.5 94.6 
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Table D.1 Three-point bending fracture test results from literature 
(continued) 
Reference 
f'c    
(MPa) 
f't   
(MPa) 
w/c 
da          
(mm) 
GF       
(N/m) 
[4] 
48.2 4.46 0.56 10 67.7 
82.7 6.25 0.45 10 57.6 
117 7.69 0.24 10 53.8 
 3.4 0.5 12.7 80.6 
 3.25 0.5 12.7 101 
 3.7 0.5 12.7 89.8 
 4 0.5 12.7 107 
 3.4 0.5 12.7 111 
 4 0.5 12.7 96.4 
 4.5 0.5 12.7 113 
20.7  0.5 9.5 61.3 
31.9  0.5 9.5 85.8 
36.6  0.5 9.5 89.4 
42  0.5 9.5 98.1 
44.6  0.5 9.5 103 
20.7  0.5 9.5 61.3 
31.9  0.5 9.5 84.1 
40.1  0.5 9.5 92.9 
42  0.5 9.5 92.9 
44.6  0.5 9.5 98.1 
3.01  0.5 9.5 35 
20.7  0.5 9.5 57.8 
31.9  0.5 9.5 82.3 
39.3  0.5 9.5 89.4 
42  0.5 9.5 94.6 
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Table D.1 Three-point bending fracture test results from literature 
(continued) 
Reference 
f'c    
(MPa) 
f't   
(MPa) 
w/c 
da          
(mm) 
GF       
(N/m) 
[4] 
44.6  0.5 9.5 99.9 
4.98  0.5 9.5 35 
18.8  0.5 9.5 64.8 
25.9  0.5 9.5 87.6 
36.3  0.5 9.5 92.9 
38.3  0.5 9.5 98.1 
41.8  0.5 9.5 102 
4.98  0.5 9.5 38.5 
18.8  0.5 9.5 59.6 
25.9  0.5 9.5 84.1 
36.3  0.5 9.5 91.1 
38.3  0.5 9.5 94.6 
41.8  0.5 9.5 92.9 
12  0.5 9.5 38.5 
16.6  0.5 9.5 66.6 
25.6  0.5 9.5 78.8 
30.9  0.5 9.5 89.4 
35.1  0.5 9.5 94.6 
37.5  0.5 9.5 99.9 
12  0.5 9.5 38.5 
25.6  0.5 9.5 66.6 
30.9  0.5 9.5 80.6 
35.1  0.5 9.5 92.9 
37.5  0.5 9.5 98.1 
12  0.5 9.5 31.5 
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Table D.1 Three-point bending fracture test results from literature 
(continued) 
Reference 
f'c    
(MPa) 
f't   
(MPa) 
w/c 
da          
(mm) 
GF       
(N/m) 
[4] 
16.6  0.5 9.5 64.8 
25.6  0.5 9.5 80.6 
30.9  0.5 9.5 87.6 
35.1  0.5 9.5 95.2 
38.2  0.5 9.5 102 
[5] 
55    112 
55    134.4 
55    110.2 
55    124.3 
[6] 
  0.6  160 
  0.6  90 
[7] 
   16 129.5 
   16 139.6 
   16 134.1 
   16 129 
[8] 
 2.81 0.55  173 
 2.67 0.55  223 
 2.41 0.55  226 
 4.58 0.36  106 
 3.45 0.36  142 
 5.42 0.36  87 
 4.03 0.36  87 
 4 0.5  85 
 3.8 0.5  88 
 3.5 0.5  96 
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Table D.1 Three-point bending fracture test results from literature 
(continued) 
Reference 
f'c    
(MPa) 
f't   
(MPa) 
w/c 
da          
(mm) 
GF       
(N/m) 
[8] 
 3.2 0.4  129 
 3 0.4  158 
 3.4 0.4  160 
 3.6 0.4  188 
 2.39 0.32  77 
 2.7 0.32  98 
 2.9 0.32  103 
 3.06 0.32  142 
 2.55 0.32  122 
 3.31 0.32  137 
 4.01 0.32  151 
 3.8 0.32  165 
[9] 
 1.05   114 
 1.17   156 
 1.25   210 
 1.59   268 
 1.94   276 
 1.73   390 
 1.80   420 
[10] 
40 2.39 0.325 4.75 76.6 
57.8 2.7 0.325 6.3 97.8 
58.7 2.9 0.325 12.5 103 
61 3.06 0.325 20 142 
55 2.55 0.325 4.75 122 
63 3.31 0.325 6.3 137 
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Table D.1 Three-point bending fracture test results from literature 
(continued) 
Reference 
f'c    
(MPa) 
f't   
(MPa) 
w/c 
da          
(mm) 
GF       
(N/m) 
[11] 
39 4.4   153 
40 3.6   201 
39 2.1   201 
40 2.5   208 
85 4.9   179 
85 4.7   181 
82 4.7   198 
82 3.5   227 
[12] 
    50.5 
    56.7 
    58.3 
    61 
    63 
    64 
[13] 33.1 3.44 0.5 19 120 
[14] 
78   20 90.5 
78   20 100.7 
78   20 117.1 
[15] 
43.8  0.5 10 260 
43.4  0.5 20 282 
50.9  0.45 20 270 
56.4  0.35 20 270 
50.2  0.3 20 260 
50.8  0.5 40 280 
40  0.45 80 330 
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Table D.1 Three-point bending fracture test results from literature 
(continued) 
Reference 
f'c    
(MPa) 
f't   
(MPa) 
w/c 
da          
(mm) 
GF       
(N/m) 
[15] 
51.7  0.5 80 340 
40  0.45 40 290 
51.7  0.5 40 285 
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